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Abstract. For arbitrary values of a parameter A € R, finite-time blow-
up of solutions to the generalized, inviscid Proudman-Johnson equation
is studied via a direct approach which involves the derivation of repre-
sentation formulae for solutions to the problem.
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1. Introduction

In this article, we examine blow-up, and blow-up properties, in solutions to the
initial boundary value problem

Upt + Ulgy — AU = 1(t), t>0,
u(z,0) = uo(x), z € [0,1], (1.1)
It)y=—-(\+1) fol ul dz,
where \ € R, and solutions are subject to periodic boundary conditions
u(0,t) = u(l,t), wu(0,t) =u(1,t). (1.2)

Equations (1.1)i), iii) may be obtained by integrating the partial differential equa-
tion

Uzt + Waea + (1 — 2A)UzUze = 0 (1.3)
and using (1.2) ([19], [4], [17])". We refer to (1.1) as the generalized, inviscid,
Proudman-Johnson equation and note that the equation occurs in several different
contexts, either with or without the nonlocal term I(¢). For A = —1, it reduces
to Burgers’ equation. If A = —1/2, the Hunter Saxton (HS) equation describes
the orientation of waves in massive director nematic liquid crystals ([13], [2], [8],
[24]). For periodic functions, the HS-equation also describes geodesics on the group
D(S)\ Rot(S) of orientation preserving diffeomorphisms on the unit circle S = R\Z,

IEquation (1.3) was introduced in [17] with a parameter a € R instead of the term 2\ — 1.
Since in this article we will be concerned with equation (1.1)i), iii), our choice of the
parameter \ over a is due, mostly, to notational convenience.
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modulo the subgroup of rigid rotations with respect to the right-invariant metric
(f,9) = [ fagodx ([15], [2], [21], [16]). If A = 5, n > 2, (1.1) i), iii) can be
obtained directly from the n—dimensional incompressible Euler equations

u+ (u-Viu=-Vp, V-u=0

using stagnation point form velocities u(z, z’,t) = (u(z,t), —Ax'us(x,t)) for ' =
{x2,...,Tn }, or through the cylindrical coordinate representation u” = —Arug(z,t),
u’ = 0 and u* = u(x,t), where r = |z'|, ([4], [22], [20], [17], [10]). Finally, in the
local case I(t) = 0, the equation appears as a special case of Calogero’s equation

Uzt + Ulgy — q)(uzc) =0

for arbitrary functions ®(-) ([3]). The earliest results on blow-up in the nonlocal
case I(t) = —2 fol uZdx for A = 1 are due to Childress et al. ([4]), where the authors
show that there are blow-up solutions under Dirichlet boundary conditions. For
spatially periodic solutions, the following is known:

e If A € [~1/2,0) and uo(z) € Wp'?(0,1), u, remains bounded in the L? norm
but blows up in the L* norm ([18]). For A € [-1,0), if ug(z) € HZ(0,1), s > 3
and ug is not constant, ||ue||,, blows up ([23]), similarly if A € (=2, —1), as
long as

inf {uo(z)} + sup {up(z)} <O0. (1.4)
z€[0,1] z€[0,1]

e For A € (—o0,—1/2), |luz||, blows up in finite-time as long as ([17])
1
/ up(z)3dz < 0. (1.5)
0

1
o If A € [0,1/2) and ug(x) € Ly >*(0,1), u exists globally in time. Similarly,
for A = 1/2 as long as uo(z) € W2*°(0,1) ([18], [20]).
1

o If A [1/2,1) and uf'(x) € Lg"' =™ (0,1),u exists globally in time ([18]).

The purpose of this paper is to provide further insight on how periodic solutions
to (1.1) blow up for parameters A € (—o0,0) as well as to study regularity under
differing assumptions on initial data when X € [0, 4+00). To do this, we will examine
solutions arising out of several classes of periodic, mean zero, initial data: the first,
a class of smooth functions uo(z) € Cg°(0,1), and then two classes of data for
which either ug(x) or ug (z) € PCr(0, 1), the family of piecewise constant functions.
The results are obtained via a direct approach which will involve the derivation
of representation formulae for wu, along characteristics. The rest of the paper is
organized as follows. A brief summary of new blow-up results is given in §2. The
derivation of the solution representation formulae and proofs of the results are
given in §3 and §4, respectively, as well as in appendix A. Finally, some illustrative
examples are to be found in §5.

2. Summary of Results

Our first aim will be to obtain the representation formula, (3.19), for solutions to
(1.1)-(1.2), which will permit us to estimate their lifetime for arbitrary A € R. Given



Generalized Inviscid Proudman-Johnson Equation 3

7. € RT, to be defined, blow-up of solutions will depend upon the existence of a
finite, positive, limit . defined by

n 1 d 2
t. = lim / ) (2.1)
e Jo \Jo (1= ausp(a)) ¥

Let us suppose a solution u(zx,t) exists on an interval ¢ € [0,T], T < t.. Denote by
~(a, t) the solution to the initial value problem

;Y(O%t) = u('}'(o" t)7 t)a ’y(a,O) =ac [07 1]7 (2'2)
and define
M(t) = z?(?l]{ux(’y(a,t),t)}, M(0) = Mo, (2.3)
and
m(t) = aér[gl]{ul CICRINIS m(0) = mao, (2.4)

where, for ug(a) € Cg°(0,1) and A > 0, we will assume that the mean-zero function
uq attains its greatest value My > 0 at, at most, finitely many locations a; €
[0,1], 1 <4 < m. Similarly, for A < 0, we suppose that the least value, mo < 0,
occurs at a discrete set of points? Q; € [0,1], 1 < j < n. From the above definitions
and the solution formula, it can easily be shown that (see appendix C)

M(t) = uﬂ?('Y(aivt)vt)v m(t) = uﬂc(’Y(ijt)7t)' (2'5)

The main results of this paper are summarized in the following theorems and in
Corollary 2.9 below.

Theorem 2.6. Consider the initial boundary value problem (1.1)-(1.2) for the gener-
alized, inviscid, Proudman-Johnson equation. There exist smooth, mean-zero initial
data such that:

1. For X\ € [0,1], solutions exist globally in time. Particularly, these vanish as
t 1t = +oo for A € (0,1) but converge to a non-trivial steady-state if A = 1.

2. For A € R\(—2,1], there exists a finite t. > 0 such that both the mazimum
M (t) and the minimum m(t) diverge to 400 and to —oo, respectively, ast 1 ts.
In addition, for every a ¢ {@i,a;}, limere, [uz(v(a,t),t)] = +oo (two-sided,
everywhere blow-up).

3. For \ € (—2,0), there is a finite t. > 0 such that only the minimum diverges,
m(t) = —oo, as t T t. (one-sided, discrete blow-up).

Subsequent results examine the behaviour, as t 1 t., of two quantities, the jacobian
Ya(a, t) (see (2.2)), and the LP norm

1/p

l[uz (2, D), = (/0 (uz(v(a, 1), )" ya (e, 1) da) » P € [l,+00), (2.7)

with particular emphasis given to the energy function E(t) = Huz”g

Remark 2.8. Corollary 2.9 and theorem 2.11 below describe pointwise behaviour
and LP-regularity of solutions as t 1 t, where, for A € R\[0, 1], ¢« > 0 refers to the
finite L™ blow-up time of theorem 2.6; otherwise the description is asymptotic, for
t 1 t. = 4o0.

20ne possibility for admitting infinitely many @; and/or o will be considered below for
the class PCg(0,1).
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TABLE 1. Energy Estimates and L? Regularity as ¢ 1 t.

A E(t) E(t) Uy
(=00, —2] +o00 +o00 ¢L?, p>1
(-2,-2/3] +o0 +00 et ¢1?
(—2/3,-1/2) Bounded +o0 cL? ¢L?
—1/2 Constant 0 cL? ¢r®
(—=1/2,-2/5] Bounded —00 cL? ¢r®
(-525.0),»>3 | Bounded | Bounded err
[fﬁ, 77} ;2> 6 | Bounded | Bounded ¢ L?
[0,1] Bounded | Bounded € L™
(1, 4+00) 400 +00 ¢ LP p>1

Corollary 2.9. Let u(z,t) in Theorem 2.6 be a solution to the initial boundary value
problem (1.1)-(1.2) defined for t € [0,t+). Then

~+o00, a = a;, A € (0, 400),
0, o # ay, € (0,2],
l}rItlz Yala,t) = < C, a # @, € (2, 400), (2.10)
0, a=qa;, ( )
C, a# a;, € (—00,0)

for positive constants C' which depend on the choice of A and «

Theorem 2.11. Let u(z,t) in Theorem 2.6 be a solution to the initial boundary value
problem (1.1)-(1.2) deﬁned fort €[0,¢.). It holds,

1. Forp>1 and 1=5; <A <1, limepe, [Jua||, < +oo.

2. Forp>1 and)\ € R\ (-2, 1], limyqy, ||uz\|p = +o0. Similarly, for p € (1,+00)
and X € (—2,-2/p].

8. The energy E(t) = ||us|3 diverges if X € R\(=2/3,1] as t 1 t. but remains
finite for t € [0,t.] otherwise. Moreover, E(t) blows up to +00 ast T t. when
A€ R\[-1/2,1] and E(t) = 0 for A = —1/2; whereas, limyy,, E(t) = —oo if
X € (—1/2,—-2/5] but remains bounded when X € (—2/5,1] for all t € [0, t.].

See Table 1 for a summary of the results mentioned in theorem 2.11.

Remark 2.12. Global weak solutions to (1.1)i) having I(t) = 0 and A = —1/2
have been studied by several authors, ([14], [2], [16]). Such solutions have also been
constructed for A € [—1/2,0) in [6] (c.f. also [5]) by extending an argument used
in [2]. Notice that theorems 2.6 and 2.11 above imply the existence of smooth data
and a finite ¢, > 0 such that strong solutions to (1.1)-(1.2) with A € (—2/3,0)
satisfy limqe, [|uel|, = 400 but limgy, E(t) < +00. As a result, it is possible that
the representation formulae derived in §3 can lead to similar construction of global,
weak solutions for A € (—2/3,0).
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The results stated thus far will be established for a family of smooth functions
uo(z) € Cg°(0,1) having, relative to the sign of A, global extrema attained at
finitely many points. If we next consider periodic ug(z) € PCr(0, 1), the class of
mean-zero, piecewise constant functions, the following holds instead:

Theorem 2.13. For the initial boundary value problem (1.1)-(1.2) with up(a) €
PCg(0,1) assume solutions are defined for allt € [0,T], T > 0. Then no W">°(0,1)
solution may exist for T > t., where 0 < t. < 400 if A € (—00,0), and t« = +00
for A € [0,400). Further, limyy, ||ue||; = +oo when X € (—oo, —1) while

lim || |, = .
Tt ~+o00, —1<A< =35,

for p > 1 and where the positive constants C' depend on the choice of A and p.

Finally, the case of periodic uj € PCg is briefly examined in §4.2.2 via a simple

example. Our findings are summarized in theorem 2.14 below.

Theorem 2.14. For the initial boundary value problem (1.1)-(1.2) with uj(a) €
PCr(0,1) and X € R\[0,1/2], there are blow-up solutions. Specifically, when X\ €
(1/2,400), solutions can undergo a two-sided, everywhere blow-up in finite-time,
whereas for A € (—0,0), divergence of the minimum to negative infinity can occur
at a finite number of locations.

Remark 2.15. In addition to providing an approach for the case A € (1,400) and
giving a more detailed description of the LP regularity of solutions, the advantage
of having the solution formula (3.19) available is that conditions such as (1.4) and
(1.5), though sufficient for blow-up, will not be necessary in our future arguments.

3. The General Solution

We now establish our solution formulae for (1.1)-(1.2). Given A € R\{0}, equations
(1.1)i), iii) admit a second-order, linear, ordinary differential equation for the jaco-
bian o (e, t). The case A = 0 will be considered separately in appendix A. In the
reformulated problem, a general solution is constructed which shows wu,(v(a, t),t)
to satisfy (1.1)i) along characteristics, namely

2 (e (0 2),) = Nua (1), 2)° = 1(0) (3.1)
Since ¥(a, t) = u(vy(a, t),t),
Ya = (Uz 07) - Ya (3.2)
therefore, using (1.1) and (3.2),
Yo = (Uat + Ullzz) 07 - Ya + (Uz ©7) - Ya
= (Ut + Ullsz) © Y - Ya + Uz 07 - Ya

=(\+1) (uio'yf/oluidx> Y (3.3)

=0 (a0 = [ aae) .
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For I(t) = —(A+1) fol uZdx and X € R\{0}, then

I(t) = Jo e % +1)9d __a (Awa ) (3.4)
and so
(V™) + MM I(t) = 0. (3:5)
Setting
wla, t) = va (o, t) (3.6)
yields
w(a,t) + M (t)w(a, t) =0, (3.7)

an ordinary differential equation parametrized by «. Suppose we have two lin-
early independent solutions ¢1(t) and ¢o(t) to (3.7), satisfying ¢1(0) = ¢2(0) = 1,
$1(0) = $2(0) = 0. Then by Abel’s formula, W(¢1(t), ¢2(t)) = 1, ¢ > 0, where
W(g, h) denotes the wronskian of g and h. We look for solutions of (3.7), satisfying
appropriate initial data, of the form

w(a,t) = ci(a)p1(t) + ca(a)pa(t), (3.8)
where reduction of order allows us to write ¢2(t) in terms of ¢1(¢) as
tods

bo(t) = di(t) [ -2

=20 J, 56

Since w = —Aya “ TP, by (3.6) and Ya(a,0) = 1, then w(a, 0) = 1 and w(a, 0) =
—Aug (@), from which ¢ (o) and c2(a) are obtained. Combining these results reduces
(3.8) to

t o ds
w(e,t) = ¢1(t) (1 = M(thuo(e)),  n(t) = TR (3.9)
o ?1(s)
Now, (3.6) and (3.9) imply
1
Yala, t) = (1 (D) T (a, 1)) >, (3.10)
where
T (o, t) =1 = An(t)ug(e), J(a,0) =1, (3.11)
however, uniqueness of solution to (2.2) and periodicity of u require
Y(a+1,t) —y(a,t) =1 (3.12)
for as long as u is defined. Spatially integrating (3.10) therefore yields
A
b da
D1(t) = / |, 3.13)
1) 0 j(a,t)% (
and so, if we set
1 _ o4
’Ci(a7t) = . 10 ’Cz(t) :/ a. 1 (314)
J(a, t)+x 0o J(a,t)"tx

for i =0,1,2,..., we can write 7, in the form

o = Ko/Ko. (315)
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As a result of using (3.2) and (3.15), we obtain

uz(v(a,t),t) = Yala,t)/vala,t) = (In(Ko/Ko)) - (3.16)
In addition, differentiating (3.9)ii) gives
—2x
! da
S _ 3.17
(1) (/ j(a,t)i> ) =0, (3.17)

from which it follows that the existence of an eventual finite blow-up time t. > 0
will depend, in part, upon convergence of the integral

n 1 do 22
t(n)—/o (/O MW) du (3.18)

as n T n« for .« > 0 to be defined. In an effort to simplify the following arguments,
we point out that (3.16) can be rewritten in a slightly more useful form. The result
is

B 1 IR 10))
w0 = ot (70~ ) (3.9
This is derived as follows. From (3.14) and (3.16),
" N _ 1 ug () - _1 b up(a) da
«(v(a,t),t) NOR < T(0t) Kol /O j(a,t)1+i> : (3.20)
However () . )
Tt = i (7 ) (20
by (3.11), and so - -
_ Ki(t) = Ko(t)
/ (1) 1+)\ = () . (3.22)

Substituting (3.21) and (3.2 ) into (3.20) yields (3.19). Finally, assuming sufficient
smoothness, we may use (3.15) and (3.19) to obtain (]20], [23])

s (Y(a, 1), 1) = ug (@) (va (e, 1) 7 (3.23)

Equation (3.23) implies that as long as a solution exists it will maintain its initial
concavity profile. Also, since the exponent above changes sign through A = 1/2,
blow-up implies, relative to the value of A, either vanishing or divergence of the
jacobian. More explicitly, (3.15) and (3.23) yield

s (v _ ug () ' da 172)\. 394
wa(V(a,t),t) TP+ </0 j(a,t)i) (3.24)

4. Global Estimates and Blow-up

In §4.1.1-4.1.3 we establish Theorem 2.6 and Corollary 2.9, while Theorem 2.11 is
proved in §4.1.4. Theorems 2.13 and 2.14 are proved in §4.2.1 and §4.2.2, respec-
tively.

For My > 0 > mg as in (2.3) and (2.4), set

i A>0
. = AMg ’ 4.1
n { 1 A <O, ( )

Amg?
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Then, as 7 T 7+, the space-dependent term in (3.19) will diverge for certain choices
of @ and not at all for others. Specifically, for A > 0, J(c,t) ! blows up earliest as
n T n« at a = @;, since

_ _ 1
T(@t) = (1= MO)Mo) " = 400 as gt = —.
AMo
Similarly for A < 0, J(c,t)™" diverges first at o = a; and
Tlayt) = (= Mi(tyma) ™ > 400 as nin = .

However, blow-up of (3.19) does not necessarily follow from this; we will need to
estimate the behaviour of the time-dependent integrals

— B L do — _ 1 do
Ko(t)_/o T(a,)x’ Kl(t)_/o T(a, 0%

as 11 T n«. To this end, in some of the proofs we find convenient the use of the Gauss
hypergeometric series ([1], [9], [12])

S (a)y, (O)k Sk
F = 1
2F1 [a, b; c; 2] ,;:0 R |z] < (4.2)

for ¢ ¢ Z7 U {0} and (x)r, k € NU {0}, the Pochhammer symbol (z)o = 1, (x)r =
z(z+1)...(x + k — 1). Also, we will make use of the following results ([9], [12]):

Proposition 4.3. Suppose |arg(—z)| < w and a,b,c,a — b & Z. Then, the analytic
continuation for |z| > 1 of the series (4.2) is given by

L(e)(a —b)(—2) "2 Fi[b,1+b—c;1+b—a;z7"
L'(a)l(c—b)
L(D(b—a)(—2) %2 Fifa,14+a—c;14+a—b;z7"]
r®)I'(c—a)

2Fia,b;¢; 2] =

(4.4)
_|_

where T'(+) denotes the standard gamma function.

Lemma 4.5. Suppose b € (—00,2)\{1/2}, 0 < |8 — o] < 1 and € > Co for some
Co > 0. Then

d Co(B — Bo)? _
Eib a3 ((/6 — fBo)2F1 EJD; g% —M]) =(e+Co(B—Bo)®) "  (46)
Proof. See appendix B. O

4.1. A Class of Smooth Initial Data

In this section, we study finite-time blow-up of solutions to (1.1)-(1.2) which arise
from a class of mean-zero, smooth data. In §4.1.1, we consider parameter values
A € [0, +00) whereas the case A € (—o00,0) is studied in §4.1.2 and §4.1.3. Finally,
L? regularity of solutions is examined in §4.1.4 for p € [1,+00).
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4.1.1. Global estimates for A € [0, 1] and blow-up for A € (1, +00).

In Theorem 4.7 below, we prove finite-time blow-up of u, in the L* norm for X\ €
(1,400). In fact, we will find that the blow-up is two-sided and occurs everywhere
in the domain, an event we will refer to as “two-sided, everywhere blow-up.” In
contrast, for parameters A € [0, 1], we show that solutions persist globally in time.
More particularly, these vanish as ¢t — 400 for A € (0,1) but converge to a non-
trivial steady-state if A = 1. Finally, the behaviour of the jacobian (3.15) is also
studied. We refer to appendix A for the case A = 0.

Theorem 4.7. Consider the initial boundary value problem (1.1)-(1.2). There exist
smooth, mean-zero initial data such that:

1. For X € (0,1], solutions persist globally in time. In particular, these vanish as

t 1 ts = +oo for A € (0,1) but converge to a non-trivial steady-state if A = 1.

2. For XA € (1,400), there exists a finite t. > 0 such that both the mazimum

M(t) and the minimum m(t) diverge to +00 and respectively to —oco as t 1 ts.

Moreover, limgse, uz (y(a, t),t) = —o0 for o ¢ {@i, o} (two-sided, everywhere
blow-up).
Finally, for t. as above, the jacobian (3.15) satisfies
+o00, a =, A € (0, 400),
}1T1tr*1 Ya(a,t) = < 0, o # @, A€ (0,2], (4.8)
C, a # a;, A€ (2,400)

where the positive constants C depend on the choice of A and o # @;.

Proof. For simplicity, assume My > 0 is attained at a single location® @ € (0, 1). We
consider the case where, near @, ug(«) has non-vanishing second order derivative,
so that, locally up(a) ~ Mo + Ci(a —@)? for 0 < |a —a@| < 5,0 < s < 1 and
C1 = ug'(@)/2 < 0. Then, for € > 0

e —up(a) + My ~ e — Ci(a —a)’. (4.9)
Global existence for A € (0,1].
By (4.9) above and the change of variables o = 6—1‘ tan 6 + @, we have that

ats da 6%7% /% 2(L1_1
~ (cos(0))*( " dg (4.10)
/Efs (6*01(&7@)2)% vV —-C4 -z
for € > 0 small and X € (0,1]. But from properties of the Gamma function (see for
instance [11]), the identity

/1 tpfl(l—t)qildt: M (4.11)

I'(p+q)
holds for all p, g > 0. Therefore, setting p = %, q= % — % and t = sin” 0 into (4.11)
gives
3 T(i_1
/2 (cos(8))*(3 " dg = M7
-3 r'(s)
which we use, along with (4.9) and (4.10), to obtain
1 1_ 1
/ da i JIG i 1) [ a4 (4.12)
o (e—ug(a) + Mo)> r'(3) G

3The case of a finite number of &; € [0, 1] follow similarly.



10 Alejandro Sarria and Ralph Saxton

Consequently, setting € = %n — My into (4.12) yields
Ko(t) ~ CsJ (@, )2~ % (4.13)

for . —n > 0 small, J(a,t) =1 — An(t) Mo, n. = ﬁ and positive constants Cs
given by

(x—-3) [ «Mo
Oy = — 2 — 2 ) (4.14)
r'(3) G
Similarly,
a+s 1 *
/ do GRS ?) T (541 (4.15)
s (e—Cila—@?)*x TOA+HV O
so that
_ C
() ~ 4 (4.16)

for X € (0,1] and positive constants C4 determined by
L(3+5%) [ nMo
Ci= —~2—34/— . 4.17
Tra+H Vo a (#.17)
Using (4.13) and (4.16) with (3.19) implies

we(1(0,8).8) ~ = (?g; J- %) (4.18)

for n. —n > 0 small. But ([11])
Ply+1)=yT(y), yeR,
so that

G _T(R)TE-5
Cs T(3+1)T(5-3)
for A € (0,1]. Then, by (4.18), (2.5)i) and the definition of My
M@t)—»0", a=a,
ue (y(a, t),t) = 0, a#a

:1) :p%e [1/2,1) (4.19)

(4.20)
as 7 T n. for all A € (0,1). For the threshold parameter A. = 1, we keep track of

the positive constant C prior to (4.18) and find that, for o = @,

@)

M(t) — ()2 >0 (4.21)
asn T ﬁo, whereas
(@)
ug (y(a,t),t) — 22 <0 (4.22)
for a # @. Finally, from (3.17)
dt = Ko(t)* dn, (4.23)

then (4.13) implies

M
te —t ~ c/ (1 — AuMo)>2dp. (4.24)
n
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As a result, t. = +oo for all A € (0, 1]. See §5 for examples.
Two-sided, everywhere blow-up for A € (1, +00).
For A € (1,400)\{2}, set b= % in lemma 4.5 to obtain

a—+s 2
/ da - =2s¢ 3 o F F,l; §; i Cl} (4.25)
a-s (e—Ci(la—a@)?)x 27X 2 ¢

where the above series is defined by (4.2) as long as ¢ > —Cy > —s2C1 > 0,
namely —1 < 3% < 0. However, we are ultimately interested in the behaviour of
(4.25) for € > 0 arbitrarily small, so that, eventually 32% < —1. To achieve this
transition of the series argument across —1 in a well-defined, continuous fashion, we
use proposition 4.3 which provides us with the analytic continuation of the series
in (4.25) from argument values inside the unit circle, in particular for the interval
-1< 52% < 0, to those found outside and thus for 32% < —1. Consequently, for
e small enough, so that —s?Cy > e > 0, proposition 4.3 implies

1 113 s°C 11\ 1_ C

2s¢ X oYy [7 ;22 1] :Cp<,_,)€§
€

e — 4.2

M=

for 1(€) = o(1) as € = 0 and positive constant C' which may depend on X and can
be obtained explicitly from (4.4). Then, substituting € = 5. — Mo into (4.26) and
using (4.9) along with (4.25), yields
1 1
Ro(t) ~ {Csj(oz,t)?x, A€ (1,2), a2
C, A€ (2,400)

for 7« —n > 0 small and positive constants Cs given by (4.14) for A € (1,2).
Similarly, by following an identical argument, with b =1 + % instead, we find that
estimate (4.16), derived initially for A € (0, 1], holds for A € (1,+00) as well. First
suppose A € (1,2), then (3.19), (4.16) and (4.27)i) imply estimate (4.18). However,
by (4.19) we now have

Cy A
-2 1/2
C—1-3e01/2
for A € (1,2). As a result, setting o = @ in (4.18), we obtain
C
M(t) ~ ——— .
O~ F@pT 7t (429
as 1 T n«. On the other hand, if & # @, the definition of My gives
C
e (y(a, t),t) ~ ~F@ipT — —o0. (4.29)
The existence of a finite ¢, > 0 follows from (4.23) and (4.27)i), which imply
te —t ~ C(ne —n)* " (4.30)
For A € (2,4+00), we use (3.19), (4.16) and (4.27)ii) to get
c J(a,t) _ l,i)
Ug (y(a, t),t) ~ — —CJ(a,t)27 > ). 4.31
(0.0 ~ s (T - et (4.31)
Then, setting o = @ in (4.31), we obtain
M) ~ =S 5 foo (4.32)

J(a,t)
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as 1 T 1. Similarly, for a # @,
C
uz(y(e,t),t) ~ ————5— — —00. 4.33
(0.0~ = (13)
A finite blow-up time ¢, > 0 follows from (4.23) and (4.27)ii), which yield
te =t~ C(ne —m).

For the case A =2 and 0. —n = ﬁ —n > 0 small, we have
= _ = C

Two-sided blow-up for A = 2 then follows from (3.19), (4.23) and (4.34). Finally,
the behaviour of the jacobian in (4.8) is deduced from (3.15) and the estimates
(4.13), (4.27) and (4.34). See §5.1 for examples. O

Remark 4.35. Several methods were used in [4] to show that there are blow-up
solutions for A = 1 under Dirichlet boundary conditions. We remark that these do
not conflict with our global result in part 1 of Theorem 4.7 as long as the data is
smooth and, under certain circumstances, its local behaviour near the endpoints
a = {0, 1} allows for a smooth, periodic extension of u( to all a € R. Further details
on this will be given in future work. See also §4.2.2 where a particular choice of
ug (a) € PCRr(0,1) leads to finite-time blow-up for all A € (1/2,400).

4.1.2. Blow-up for X € (—o0, —1).

Theorem 4.36 below shows the existence of mean-zero, smooth data for which so-
lutions undergo a two-sided, everywhere blow-up in finite-time for A € (—oo, —2],
whereas, if A € (—2,—1), only the minimum diverges.

Theorem 4.36. Consider the initial boundary value problem (1.1)-(1.2). There exist
smooth, mean-zero initial data such that:

1. For X € (—o0, —2], there is a finite t. > 0 such that both the mazimum M (t)
and the minimum m(t) diverge to +0o and respectively to —oo as t 1 ts. In
addition, limype, uz (v(a, t),t) = +oo for a ¢ {@;,a;} (two-sided, everywhere
blow-up).

2. For \ € (—2,-1), there exists a finite t« > 0 such that only the minimum
diverges, m(t) — —oo, as t 1t (one-sided, discrete blow-up).

Finally, for A € (—oo0, —1) and t. as above, the jacobian (3.15) satisfies

0 = .
lim vo(a,t) =4 “= % (4.37)
i1t C, aFa;

where the positive constants C' depend on the choice of A\ and o # Q.

Proof. For A € (—oo, —1), smoothness of u(, implies that

/Jat%

remains finite (and positive) for all n € [0,7.), 7+« = . Also, Ko(t) has a finite,
positive limit as n 1T 7n.. Indeed, suppose there is an earhest t1 > 0 such that
m =n(t1) > 0 and

1

Ko(t1) = /1 (1 — dug(a)) Mda = 0. (4.38)
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1
Since fol 1 —ug/mo) ™ da > 0, then n; 7é 7«. Also, by periodicity of ug, there are

[0,1] 3 a1 # a; where (1 — Aiug (041))\ =1, and so, (4.38) implies the existence
of at least one o’ # a; where ug(a’) = . But uy > mo and 1, = , then
N < M. (4.39)

In addition, (4.39) and mo < ug < My yield

1
0</ e - <Ko(t) <1,  0<n<n. (4.40)
0o (1—ul/mo)x

Next, for A € (—oo0,—1), we estimate K1 (¢ fo % da as n 1 n. by
following an argument similar to that of T heorem 4.7. For s1mphc1ty, suppose mgo
occurs at a single a € (0,1). We consider the case where, near o, up(a) has non-
vanishing second order derivative, so that, locally uy(a) ~ mo + Cz2(a — @)? for
0<|]a—a| <7 0<r<1land Co=uy (a)/2> 0. Then, for e >0

e+up(a) —mo ~ e+ Co(a —a)’. (4.41)
Given X € (—oo,—1), set b =1+ 1 in lemma (4.5) to find
e d 2r 13 r°C
/ = i 1 21 |:771+777;_T 2 (442)
a—r (6+CQ(O¢—Q)2)1+X 1+>\ A2 €

for € > Co > r?Co, ie. —1 < fﬁ% <0, and A € (—o0, —1)\{—2}*. Then, as we
let € > 0 become small enough, so that eventually 77«"’% < —1, Proposition 4.3
implies

+&(e) (4.43)

2 Cr(3+1
lzrl Py 11+1 3. _r*¢)_ ¢C (1 +3)
eltx A2 € A+2 €2
for £(€) = o(1) as € — 0 and positive constants C' which may depend on the choice
of A and can be obtained explicitly from (4.4). Using (4.43) on (4.42), along with

(4.41) and the substitution € = mo — %ﬂ, yields

_ C, >\ € _27 -1 )
Ka(t) ~ (1+1) ( ) (4.44)
C5j(a t) 207, A€ (_007 _2)
for n, —n > 0 small, n. = %mo’ J(a,t) =1 — An(t)mo and

I(z+1) ™Mo
Cs=-—2 22 [ >0, A € (=00, —2). 4.45
TrashV G (oo 72) (443
Setting a = o in (3.19) and using (2.5)ii), (4.40) and (4.44), implies
C
t) ~ ————— — )
m(t) Tt — —00 (4.46)

asn T n. for all X € (—oo, —1)\{—2}. On the other hand, using (3.19), (4.40), (4.44)
and the definition of mg, we see that, for a # a,

luz (y(a, t),t)] < +00, A€ (—2,-1),
us(Y(a, ), t) ~ CT (a, 1)~ (2+3) =5 400, A€ (—00,—2)

(4.47)

4The case A = —2 is treated separately.
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as n T n«. A one-sided, discrete blow-up for A € (-2, —1) follows from (4.46) and
(4.47)i), whereas a two-sided, everywhere blow-up for A € (—oo0, —2) results from
(4.46) and (4.47)ii). The existence of a finite ¢, > 0 follows from (3.17) and (4.40)
as n T n«. Particularly, we have the lower bound

s < te < F00. (4.48)
The case A = —2 can be treated directly. We find
Ki(t) ~ —Cln(J(a,t)) (4.49)

for n. —n > 0 small. A two-sided blow-up then follows as above. Finally, (4.37) is
deduced from (3.15) and (4.40). See §5.1 for examples. O

4.1.3. One-sided, discrete blow-up for A € [—1,0).
Observe that (3.2) and va(a,0) = 1 imply the existence of a time interval [0, ¢.)
where

ol t) = exp (/Ot e ({0, ), 5) ds) >0 (4.50)

for all @ € [0,1] and 0 < ¢, < +o00. Then, given X € [—1,0), (3.4) implies that

(1 (@, 1)) < 0.
But (752 ) |t=0 = —Auj, thus integrating the above twice in time gives
Yalo, t) ™ < 1= Atup(a).
Provided there is a € [0, 1] such that infaepo,1] uo(a) = ug(a) < 0, define
te = (ug(@) ™,

then v (¢t,a) | 0 as t 1 ¢, for any A € [—1,0). This along with (2.5)ii) and (4.50)
implies
t ¢

i © =1 = —o00. 4.51

tim [ uc(r(a ). ds = lim [ m(s)ds = —o0 (4.51)
More precise blow-up properties are now studied via formula (3.19). Theorem 4.52
below will extend the one-sided, discrete blow-up found in Theorem 4.36 for pa-
rameters A € (—2,—1) to all A € (—2,0).

Theorem 4.52. Consider the initial boundary value problem (1.1)-(1.2) with arbi-
trary smooth, mean-zero initial data. For every A € [—1,0), there exists a finite
t. > 0 such that only the minimum diverges, m(t) — —oo, as t T t. (one-sided,
discrete blow-up). Also, the jacobian (3.15) satisfies

0 — .
lim vo(a,t) =4 ¢ % (4.53)
t1t. C, aFa;

where the positive constants C' depend on the choice of A and o # ;.

Proof. Since uyg is smooth and A € [—1,0), both integrals Ki(t), i = 0,1 remain
finite (and positive) for all n € [0,7:), 7. = ﬁ Also, Ko(t) does not vanish as
1N 1 7. In fact

1

1< Ko(t) < (1 - %> a (4.54)

mo
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for all n € [0,7.]. Indeed, notice that ILCO(O) =0 and

- 1 / 2 1 ’ 2
Ko(t) = (1_|_)\)/ M_g/\ / M Ko(t)™ >0
0o J(a,t)?Tx o J(a,t)tx
for A € [-1,0) and n € (0,7.). This implies

. _ 1 /

K:o(t) = ’Co(t)72>\/ % > 0. (455)
T (o, 1)+

Then, using (4.55), Ko(0) = 1 and mo < uj(a) < Mo yield (4.54). Similarly, one

can show that

1<Ki(t) < (ﬁ) o . (4.56)

mo — Mo
Consequently, (2.5)ii), (3.19), (4.54) and (4.56) imply that

m(t) = ux(v(a;,t),t) = —o0

as 1 T n«. On the other hand, by (4.54), (4.56) and the definition of mg, we find
that us(v(c,t),t) remains bounded for all @ # a; as n 1 7.. The existence of a
finite blow-up time ¢, > 0 is guaranteed by (3.17) and (4.54). Although ¢, can be
computed explicitly from (2.1), (4.54) provides the simple estimate®

—2
s (1 — %) <te < 7. (4.57)

Also, since the maximum M (¢) remains finite as t 1 ¢, setting & = @; in (3.19) and
using (2.5)i) and (3.1) gives M (t) < A(M(¢))? < 0, which implies

O<M(t)§M0

for all t € [0,t«] and A € [—1,0). Finally, (4.53) follows directly from (3.15), (4.54)
and the definition of mg. See §5.1 for examples. O

4.1.4. Further L” Regularity.

In this section, we prove Theorem 2.11. In particular, we will see how the two-sided,
everywhere blow-up (or one-sided, discrete blow-up) found in theorems 4.7, 4.36 and
4.52, can be associated with stronger (or weaker) LP regularity. Before proving the
Theorem, we derive basic upper and lower bounds for [us|[, , p € [1, +00), as well as
write down explicit formulas for the energy function F(t) = |lu||5 and derivative

E‘(t), and estimate the blow-up rates of relevant time-dependent integrals. From
(3.15) and (3.19),

/(@ DI
P (0)? Ko(t)

|ue(v(a, 1), )" vale, t) = (4.58)

for t € [0,t+), p € [1,400), A # 0 and

L K (t)
f(OQ t) - I -
Tla, )" Ko(t)T(a,t)*

5Which we may contrast to (4.48). Notice that (2.1) implies that the two cases coincide
(t+ = mx) in the case of Burgers’ equation A = —1.
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Integrating (4.58) in a and using periodicity then gives

1 1
2z, )P = - D[P da. 4.59
e 01 = e [, (et d (459)
In particular, setting p = 2 yields the following formula for the energy E(t) :
_ -2 _ _ _
E(t) = ()\n(t)ICo(t)””) (Ro(H)Es(t) — K (1)?). (4.60)

Furthermore, multiplying (1.1)i) by u., integrating by parts and using (1.2), (3.15)
and (3.19) gives, after some simplification,

E(t) = (1+2)\) /1 ug(x, t)?da

= @+2) [ (e, ) 0 et da (4.61)
_ 142X [Ks(t)  3Ka(t) K\ Kt
TP | Kt~ Kol ”(Eom) Koty

Now K;(t), J(a,t) > 0 for n € [0,7) (i.e. t € [0,t+)) and a € [0,1]. As a result
FlapP <27 ( Tl rr s )
T(a, )" Ko()" T (e, t)>

which can be used together with (4.58) to obtain, upon integration, the upper
bound

w(z » 21?71 1 da K:1(t)p
|| I( ,t)Hp S |>\n(t)|plao(t)1+zxp (/0 j(ayt)er% + Ko(t)p1> (462)

valid for t € [0,t.), p € [1,+00) and A # 0. For a lower bound, notice that by
Jensen’s inequality,

p

[ istaop da> |/ ' fot)do

for p € [1,+00). Using the above in (4.59), we find

1 ! da Ki(t) [* da
l[ua(z, )], = T T + . (4.63)
An() Kot) " ? / Tlayt) 7 ’C°<t>/o T (1)

a,t

Although the right-hand side of (4.63) is identically zero for p = 1, it does allow for
the study of L regularity of solutions when p € (1, +00)°. Before proving Theorem
2.11, we need to determine any blow-up rates for the appropriate integrals in (4.60)-
(4.63). By following the argument in theorems 4.7 and 4.36, we go through the

derivation of estimates for
/ ! do
1
0 J(a, )

with A € (1,400), p € [1 + 00) and 71, = whereas those for

1
XM
/1 do /1 do

0 T(a,t) s o J(a,tyrty

6 Also, for p € (1,+00), (4.63) makes sense as t | 0 due to the periodicity of ug).
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follow similarly and will be simply stated here. For simplicity, assume u{ attains its
maximum value Mo > 0 at a single @ € (0, 1). As before, we consider the case where,
near @, ug has non-vanishing second-order derivative. Accordingly, there is s € (0, 1]
such that uy(a) ~ Mo + Ci(a — @)% for 0 < |a —@| < s and C; = uf'(@)/2 < 0.
Then

e —up(a) + My ~ ¢ — C1 (o — @)°
fore >0. Given A>1landp>1,welet b=1+ /\—lp in lemma 4.5 to obtain

/aJrs dOé /aJrs da _ % . 1 b-§.0152
e (e—uf(a)+ Mo~ Jo . (e—Ci(a—a)?)p &> '[2772 ¢

(4.64)
for e > —C1 > —s>C1 > 0. Now, if we let € > 0 become small enough, so that
eventually 01652 < —1, proposition 4.3 implies

2s 1,3 C6? 2s L(b—3) T 1y
iy oA [ = ~ T e
@2 {2’ "o e } (1 —2b)(—s2CL) T T(b) ARG
for A # 2/p, and ((€) = o(1) as € — 0. Using the above on (4.64) yields
! do r'(b-1/2) T 1,
~ —— €2 4.65
I e T A sl (159
for € > 0 small. Then, setting € = %ﬁ — My into (4.65) gives
1
/ — L cg@y ) (4.66)
0 J(a,t)

for n. —n > 0 small, n,. = %1\/107 p € [1,400) and A € (1,+00)". For the other cases
and remaining integrals, we follow a similar argument to find

1
2
/ do [ Cl 1 A< ——, p€[1,+oo), (467)
o J(a, )" J(a )Tt P
Lood C, A>2 p>1 or NeR™,
/7Q1N _ 1o r pz (4.68)
0 J(a,t)>» CT(a,t)2 3, 1<A<s, 1<p<2
and
1
2
/dialwcﬁ —<A<0, p2>1 (4.69)
o J(a,t)PT> 1-2p

where the positive constants C' may depend on the choices for A and p.
Recall from Theorem 4.7 (see also appendix A) that

lim Jugll, <+oo,  A€[0,1]. (4.70)

t— o0

In contrast, Theorem 2.6, which we established in Theorems 4.7, 4.36 and 4.52,
showed the existence of a finite ¢. > 0 such that

lim uz |, = +o0, A € R\[0, 1]. (4.71)

Consequently, [us||, exists globally for all p € [1,+00] and A € [0, 1]. In the case of
(4.71), Theorem 4.72 below further examines the L? regularity of u, as t approaches
the finite L blow-up time ..

"When \ = 2/p, b= 3/2 and (4.66) reduces to (4.34)ii).
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Theorem 4.72. Consider the initial boundary value problem (1.1)-(1.2) and let t. > 0
denote the finite L™ blow-up time in Theorem 2.6. There exist smooth, mean-zero
initial data such that:
1. Forp € (1,+00) and A € (—o0, =2/p] U (1,+00), limpe, |lue|l, = +o0.
2. Forp € [1,400) luzll, < +oo.
3. The energy E(t) = |jus |5 diverges as t 1 t. if X € (—o00, —2/3] U (1, +00) but
remains finite for t € [0,t.] when X\ € (—2/3,0). Moreover, E(t) blows up
to 400 ast Tt if X\ € (=00, —1/2) U (1,400) and E(t) = 0 for A = —1/2;
whereas, limyy,, E(t) = —oo when X € (—1/2,—2/5] but remains bounded, for
all t € [0,t.], if A € (—2/5,0).

Proof. Case \, p € (1,+00).
First, consider the lower bound (4.63) for p € (1,2) and A € (1,2/p). Then, X\ €
(1,2) so that (4.16), (4.27)i), (4.66) and (4.68)ii) imply

’fol f(oz,t)da‘p
~an@)lP KO(t)HW

~CJ (@, t)” ™

[ C ]

for n. —n > 0 small and o(\,p) = 3—” — 5 — Ap. By the above restrictions on A and
p, we see that o(\, p) < 0 for

1 1 2
—(3-2)<x<Z2,  pe(,5/3).
2( p) p (1,5/3)

Then, by choosing p —1 > 0 arbitrarily small, [|us||, — +00 as t T t. for A € (1,2).
Next, let A € (2, +00) and p € (1, 400). This means A > 2, and so, (4.16), (4.27)ii),
(4.66) and (4.68)i) now yield
’fol f(oz,t)da‘ c
ol > O 4Ty
(0] Ko(t) 7 T (@127

as t 1 t.. This proves part (1) of the Theorem for A € (1, +oc0).
Case \ € (—00,0) and p € [1,+00).
For A € (—00,0), we keep in mind the estimates (4.40), (4.44)i), (4.54) and (4.56)
which describe the behaviour of Ki(t), i =0,1as n 1 n.. Consider the upper bound

(4.62) for p € [1,4+00) and == < A < 0. Then A € (—2,0), equation (4.69) and
the aforementioned estlmates unply

o 2r ! ' da K (t)
” 1( t)Hp = ‘)\ ()lp’CO(t)1+2>\p (/0 j(a,t)p+>‘ ()p 1) —C

ast 1 t.. Here, C € R* depends on the choice of A and p. By the above, we conclude
that

lim [l (2,9, < oo

for —2 p <A< O0andpc [1 +oo) Now, consider the lower bound (4.63) with

12
€ (1,400) (4.67), (4.68)i) and corresponding

SIFA =2, A > % for p > 1 and result follows from (4.34), (4.63), (4.66) and (4.68)i).
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estimates on K;(t), i = 0, 1, we find that

P

(141
> g ~ O (e) (3+3) (4.74)
[An ()] Ko(t)
for n. —n > 0 small. Therefore,
grtr*l lua (2, )|, = +o0 (4.75)

for p € (1,+00) and A € (=2, —2/p]°. Finally, let A € (=00, —2) and p € (1,400).
Then A\ < —% and it is easy to check that (4.74), with different constants C' > 0,
also holds. As a result, (4.75) follows for p > 1 and A\ € (—o0, —2]'°. Since we
already established that u, € L* for all time when A € [0,1] (see Theorem 4.7),
this concludes the proof of parts (1) and (2) of the Theorem.

For part (3), notice that when p = 2, parts (1) and (2), as well as Theorem 4.7 im-
ply that, as t 1 t., both E(t) = |Ju. || and E(t) diverge to 400 for A € (—o0, —1] U
(1, 400) while E(t) remains finite if A € (—2/3, 1]. Therefore we still have to estab-
lish the behaviour of E(t) when A € (—1,—2/3] and E(t) for X € (—=1,0)\{—1/2}.
From (4.54), (4.56) and (4.60), we see that, as ¢t 1 t., any blow-up in E(t) for
A € (=1, —2/3] must come from the K2(t) term. Using proposition 4.3 and lemma
4.5, we estimate®!

CT(a,t)"(3+3), Ae(=1,-2/3),
Ka(t) ~ { —Clog (T (a,t)), A= —2/3, (4.76)
C, A€ (—2/3,0)

for n« —n > 0 small. Then, (4.54), (4.56), and (4.60) imply that, as ¢t 1 t«, both
E(t) and E(t) blow-up to +oco for A € (=1, —2/3]. Now, from (4.61)i), we have that

)| < 1+ 22 a3 (4.77)

so that Theorem 4.7 implies that E(t) remains finite for all time if A € [0, 1]. Also,
since 3+ 1+ < 0 for all A € [~1/3,0), we use (4.54), (4.56) and (4.76)iii) on (4.61)iii)
to conclude that

lim
1t

for A € [-1/3,0) as well. Moreover, by part (2), lim, |luz|l; < +oo for A €
(=2/5,0). Then, (4.77) implies that E(t) also remains finite for A € (—2/5, —1/3).
Lastly, estimating Ks3(t) yields

E(t )’<+oo

Ralt) ~ {Cj(a ~GER) . e (—2/3,-2/5), (478)
Clog (J(a,t)), A=-2/5.
As a result, (4.54), (4.56), (4.76)iii) and (4.61)iii) imply that
i 00 =
for A € (=2/3,—1/2) but
E(t) —» —o0

9For the case \ = —% with p € (1, +00), we simply use (4.49) instead of (4.67).
OIfN=-2, A< f% for p > 1. Result follows as above with (4.49) instead of (4.67).
Under the usual assumption u}’(a) # 0.
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when X € (—1/2,—2/5]. This concludes the proof of the Theorem. We refer the
reader to table 1 in §2 for a summary of the above results. O

Notice that Theorems 2.6, 4.72 and inequality (4.77) yield a complete description
of the L® regularity for u,: if A € [0,1], lim; s { oo ||tte||; = C where C € R* for
A =1but C =0 when X € (0,1), whereas, for ¢, > 0 the finite L> blow-up time
for u; in Theorem 2.6,

) +o0, A € (—o0,—2/5] U (1, +00),
tin s, ), = { !

C, e (—2/5,0) (479)

where the positive constants C' depend on the choice of A € (—2/5,0).

Remark 4.80. Theorem 4.72 implies that for every p > 1, L? blow-up occurs for u,, if
X € R\(—2, 1], whereas for A € (—2,0), u, remains in L' but blows up in particular,
smaller L? spaces. This suggests a weaker type of blow-up for the latter which
certainly agrees with our L results where a “stronger”, two-sided, everywhere
blow-up takes place for A € R\(—2, 1], but a “weaker”, one-sided, discrete blow-up
occurs when A € (-2, 0).

Remark 4.81. For V(¢ fo uddz, the authors in [17] derived a finite upper bound

T — 3\ (4.82)
~ L+ 2)\E(0) '
for the blow-up time of E(t) for A < —1/2 and

1 “;2” V(0)® > 2E(0)3. (4.83)

V(0) <0,

w

If (4.83)i) holds but we reverse (4.83)ii), then they proved that E(t) blows up in-
stead. Now, from Theorem 4.72(3) we have that, in particular for A € (—-2/3,—-1/2),
E(t) remains bounded for all ¢t € [0,t.] but E(t) — +oco as t T t.. Here, t, > 0
denotes the finite L> blow-up time for u, (see Theorem 4.52) and satisfies (4.57).
Therefore, further discussion is required to clarify the apparent discrepancy be-
tween the two results for A € (—2/3,—1/2) and u( satisfying both conditions in
(4.83). Our claim is that for these values of A,
t. < T" (4.84)
Specifically, E(t) remains finite for all ¢ € [0,¢.] C [O T7], while E(t) — 400 as
t 1 t«. From (4.61)i) and (4.83)ii), we have that 2\1(-!—;M > 2F(0)%,
1 > 4
(142X E(0))% = 3(]1 + 2A| E(0))?
As a result, (4.82) yields

. 6 3
T > (m) (4.85)

where we used E(0) > 0; a consequence of (4.61)i), (4.83)i) and A € (—2/3,—1/2).
Now, for instance, suppose 0 < My < |mo| 2. Then

/Oluo( Vdx

12 A natural case to consider given (4.83)i).

_V(()) =

< = 3 4.86
11(21[%)% |u0 )’ |mol”, ( )
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which we use on (4.61)i) to obtain 0 < E(0) < |14 2A| |mo|*, or equivalently
6 > 6

> — (4.87)
[14+2X E(0) ~ |14 2\|" |mo|
Consequently, (4.57), (4.85) and (4.87) yield
1
* 3 1 1
T > (%) > 3 > =1 2 s (4.88)
|1+ 2X] |mo| 11+ 2X5 |mo| Al Imol

for A € (=2/3,—1/2). If A < —2/3, both results concerning L? blow-up of u, coin-

1
mran V(07
for the blow-up time of V(t) to negative infinity valid as long as V(0) < 0 and
A < —1/3. Clearly, T. also serves as an upper bound for the breakdown of |lu ||, for
A< —1/3,0r E(t) = (1420 V((t) if A € (—o0, —1/3)\{—1/2}. However, (4.79) and
Theorem 4.72(1) prove the existence of a finite t. > 0 such that, particularly for A €
(—2/5,-1/3], ||uz||; remains finite for ¢ € [0,¢.] while limqy, ||uz|g = +oo. This
in turn implies the local boundedness of E(t) for ¢t € [0,t.] and A € (—2/5,—1/3].
Similar to the previous case, we claim that t. < T.. Here, once again, we consider
the case 0 < My < |mgl|. Accordingly, (4.57) and (4.86) imply

3 3 1

T*: Z > 277*275*.
130V (O)F = L+ 3N mal ~ I\l

cide. Furthermore, in [5] the authors derived a finite upper bound 7' =

For the remaining values A < —2/5, both our results and those established in [5]
regarding blow-up of V (t) agree. A simple example is given by ugy(z) = sin(27x) +
cos(4mz) for which V(0) = —3/4, E(0) = 1, mp = —2 and My ~ 1.125. Then, for
A= -3/5€ (~2/3,—1/2), we have T* = /15 > . = 5/6 > t, > 0.34, whereas, if
A= —7/20 € (=2/5,—1/3), T\ = 20(6)%/> > 10/7 = 0. > t. > 0.59.

4.2. Piecewise Constant and Piecewise Linear Initial Data

In the previous section, we took smooth data u( which attained its extreme values
Mo > 0 > mg at finitely many points @; and ; € [0, 1], respectively, with u( having,
relative to the sign of A, quadratic local behaviour near these locations. In this
section, two other classes of data are considered which violate these assumptions.
In §4.2.1, L? regularity of solutions is examined for uy(a) € PCr(0, 1), the class of
mean-zero, piecewise constant functions. Subsequently, the case ug () € PCr(0,1)
is examined via a simple example in §4.2.2.

4.2.1. n—phase Piecewise Constant u(z).

Let xi(a), i = 1,...,n denote the characteristic function for the intervals ; =
(i—1,04) C[0,1] with g =0, ap =1 and Q; N = @, j # K, lLe.
1, RS Qi,
ila) = 4.89
X ( ) {0, « ¢ QZ ( )

Then, for h; € R, let PCr(0,1) denote the space of mean-zero, simple functions:

{g(a) € C°(0,1) a.e.|g(a) = Zhi)(i(a) and th(Ql) = 0} (4.90)
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where 1£(2;) = a; — a;—1, the Lebesgue measure of ;. Observe that for ug(a) €
PCg(0,1) and A # 0, (3.14), (4.89) and (4.90) imply that

n

Ki(t) =3 (1= dn(t)hy) ™ "3 (). (4.91)

j=1
We prove the following Theorem:

Theorem 4.92. Consider the initial boundary value problem (1.1)-(1.2) for periodic
ug(a) € PCr(0,1). Let T > 0 and assume solutions are defined for all t € [0,T].
Then, the representation formula (3.19) implies that no global W*°(0,1) solution
can exist if T > t., where t. = +o00 for A € [0,400) and 0 < t. < 400 otherwise.
In addition, limey, ||ue(z,t)||, = 400 if X € (—o0, —1), while

C, —% <A<0,

400, —-1<A< —%

lin [z (2, )], = {

forp>1, A€ [~1,0) and C € R that depend on the choice of A and p.

Proof. Let C' denote a generic constant which may depend on A\ and p. Since
o(a) = Z hixi(c), (4.93)
i=1

for h; € R as in (4.90), then (3.15) and (4.91) give

n

Yaloyt) ™ = (1= An(t Z hixi(a <Z(1 - An(t)hi)—iu(gi)> (4.94)

i=1

for n € [0,7+), 1+ as defined in (4.1) and

{Mo = max; h; > 0, (4.95)

mo = min; h; < 0.
Let Zimaw and Zmi, denote the sets of indexes for the intervals ; and Q, respectively,
defined by Q; = {@ € [0,1] | up(@) = Mo} and , = {a € [0, 1] | uf(a) = mo}.
Global estimates for A € (0, +00).
Let A € (0,+00) and 0. = %Mo' Using the above definitions, we may write

L=on(t) Y S haxi(e) =1=2u(t) (D0 Moxi(a)+ Y7 hixi(a) | (4.96)

i€Lmax 1¢Imax

and

n

S = k) N (@) = > (1= M(t)Mo)” > u(€%)
i=1 i€Tmaz . (4.97)
+ 3 (= M(B)h) X ().

Zglmaz

Then, for fixed i € Zynas choosing @ € €; and substituting into (4.96), we find

1—An(t) Z hixi(@) = 1 — An(t)Mo. (4.98)



Generalized Inviscid Proudman-Johnson Equation 23
Using (4.97), (4.98) and (4.94), we see that, for n € [0,7.),

Ya(@t) = [ PORICARCESVOIOEEDS <1—An<t>hi>-iumi>] :

(4.99)
Since 1 — An(t)up(a) > 0 for all n € [0,7.) and « € [0, 1], (4.99) implies

—1

lim ya (@, ) = ( > u(m) >0 (4.100)

i€ max
for some t, > 0. However, (3.15), (3.17) and (4.93) give
—2
dt = (1 — Mt thxl ) valant) dn (4.101)

and so, for n. —n > 0 small, (4.94), (4.97) and the above observation on 1 —
An(t)uo(a) yield, after integration, t, — ¢ ~ Cf:* (1 — AMoo)~2do. Consequently,
t. = +o0. Finally, (2.5)i), (4.50) and (4.100) yield

tEIEoo tM(s) ds=—1In ( Z ,u(QJ) > 0.

0 i€Imax
If « =& € Q; for some index i & Zyax, so that 1 — An(t)up(a) = 1 — An(t)h for
h < My, then (4.94) implies 7o (&,t) ~ C(1 — )\n(t)Mo)% — 0 as t — +o0. Thus,
by (4.50), we obtain

t

lim Uz (y(@, 8), 8)ds = —o0.

t—=+4oo [
We refer to appendix A for the case A = 0.
L? regularity for p € [1,+oc] and A G ( 00, 0).
Suppose A € (—o0,0) so that 7. = . We now write

1- M(t)zhiXi(a) =1-n(t) ( > moxila)+ Y hiXi(@) (4.102)

1€Lmin €T min
and

1

ST = AnOh) N () = 3 (1= M(t)mo) T (L)

=1 i€Tmin . (4.103)
+ D (= An(t)he) DT ().
i€ Tmin

Choose a € Q; for some ¢ € Zp,;n, and substitute into (4.102) to obtain
1— At Z hixi(a) = 1 — An(t)mo. (4.104)

Using (4.103) and (4.104) with (4.94) gives
= | S ey s Btermnl 2000 )ju(sm 1)
i€Zpmin (1 = An(t)mo) ™
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for n € [0,m4). Since 1 — An(t)ug(a) > 0 for n € [0,1), @ € [0,1] and A < 0, we
have that limss, Yo (o, t) = 0 or, equivalently,
¢

lim [ m(s)ds = —o0
=t Jo

by (2.5)ii) and (4.50). The blow-up time ¢, > 0 is now finite. Indeed, (4.94), (4.101)
and (4.103) yield the estimate

2
&
dt~ | D (L= dn®h) N u(S) | dn
i€ Tmin
for n« —n > 0 small and A < 0. Since h; > mo for any i ¢ Zmin, integration of
the above implies a finite t. > 0. Now, if o = o’ € Q; for some i ¢ Zyin, then
ug(a’) = B’ for b’ > myg. Following the argument in the A > 0 case yields
—1
L

’ L
Yalo/st) = D (L= 2Oh) T u(€) | (1= ()R,
i€ Tmin
consequently limrs, va(a/,t) = C € RT and so, by (4.50), fot Ug (7, s) ds remains
finite as t 1 ¢, for every o’ # a and A € (—o0, 0).
Lastly, we look at L” regularity of u, for p € [1,4+00) and A € (—00,0). From (3.15)
and (3.19),
Ko(a, )|T (a, 1) ™! = Ko(t) ' Ka ()|
IAn(®)]” Ko (t)22r

for t € [0,t.) and p € R. Then, integrating in « and using (4.91) gives

n —(2Ap+1)
1
l[ue (2, ), = (Z 1—An(t) W(Qi)>

i=1

|uz(v(e, 1), D) Ya(a, t) =

n

S {(1 —M(t)hy)”

j=1

S (L= An®)h) X () [P }
n _ 1 #(QJ)
S (L= An(t)hi) 3 p(€)

for p € [1,400). Splitting each sum above into the indexes 4,5 € Zmin and i, ¢
Zmin, We obtain, for 7. —n > 0 small,

M@= an(n) " -

p

lus (@ DI ~ CT (0,t) 3| T (@) = O (T(et) 5 +C)

p
+C Z (1 — Anhy) 7% /L(Qj)}
JEImin

where \ € (—00,0), J(a,t) =1 — An(t)mo and the conbtant C > 0 may now also
depend on p € [1,4+00). Suppose A € [—1,0), then 717 1+ > 0 and the above implies

(1= nhy) ™ = C (T(@ )% +C)

e (2, ]2 ~ OT (e, t) P 3) 4 g (1) (4.106)

for g(t) a bounded function on [0,¢.) with finite, non-negative limit as ¢ 1 ¢.. On
the other hand, if A € (—oo, —1) then —1 — § < 0 and

e (2, D2 ~ O T (e, t)” 7+ 3) (4.107)

holds instead. The last part of the Theorem follows from (4.106) and (4.107) as
t 1 tx. See §5.2 for examples. O
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4.2.2. Piecewise constant ug (z).

When uj () € PCr(0, 1), the behaviour of solutions, in particular for A € (1/2,1],
can be rather different than the one described in theorems 4.7 and 4.92. Below, we
consider a particular choice of data 1o with a finite jump discontinuity in u{ at the
point @ where uj attains its maximum My. We find that the solution undergoes
a two-sided blow-up in finite-time for A € (1/2,+00). In particular, this signifies
the formation of singularities in stagnation point-form solutions to the 2D incom-
pressible Euler equations (A = 1) ([4], [22], [20]). For A € (—00,0), we find that a
one-sided blow-up occurs at a finite number of locations in the domain.

Let
202 — 0,1/2
wo(a) =44 % o€ 0,172, (4.108)
202 4+3a—-1, ac(1/2,1]

so that My = 1 and mo = —1 occur at @ = 1/2 and o = {0, 1} respectively. Then
J(@,t)y =1—-Mn(t), TJ(a,t) =14 An(t) and n. = ﬁ for A # 0. Using (4.108), we
find

J@H X —T(a,nt "X
Ko(t) = 2(17>\)n(7(5)) ’ A € R\{0,1}, (4.109)
1 nx+n(t _
() 10 (n*—n(w) ) A=1
and
— _1 _1
Ki(t) = J@ >~ ) X #0. (4.110)

2n(t) ’
If A\ € (—00,0), a one-sided blow-up, m(t) — —oo, follows trivially from (3.19),
(4.109)i) and (4.110) as t approaches a finite ¢t. > 0 whose existence is guaranteed,
in the limit as n 1 7., by (3.17) and (4.109)i). On the other hand, if A € (0, +o0)
and 7, —n > 0 is small,

11
ﬁj(a:t)l A, A €(0,1),
A

~ , A e (1, .
Ko®) ~ Y ;T oin (1, +00) (4.111)
—Clog(n. —n(t), A=1
and
K1 (t) A 4.112
()~ ———— . .
27 (@, t) % (4.112)
For a = @, the above estimates and (3.19) imply that, as n T 7.,
1/2
M(E) = us (2@ 0),8) —+ { reo1/2),
~+00, A€ (1/2,400).
Furthermore, for a # @,
0 A 0,1/2
e (y(a £),1) = { < (,1/2),
—00, A€ (1/2,400).

For the threshold parameter A = 1/2, ug(y,t) - —1 asn 1 2 for a ¢ {@,a},
whereas, M (t) = uz(v(a,t),t) = 1 and m(t) = uz(y(a,t),t) = —1. Finally, from
(3.17) and (4.111)
C [y (L= 2>y, A€ (0,1),
b=t~ § C(ne = n)(2 = 2log(n. —n) +In*(n. —m)),  A=1,
0(77* - 77)3 A€ (1,+OO),
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and so t. = 400 for A € (0,1/2] but 0 < ¢, < +00 when A € (1/2,+00).

Remark 4.113. By following an argument analogous to that of §4.2.1 for piecewise
constant u(, it can be shown that the results from the above example extend to
arbitrary data with piecewise constant u(. In fact, if instead of having u(, piecewise
linear in [0, 1], the above results extend to continuous uq behaving linearly only
in a small neighbourhood of @; for A > 0. Similarly for parameters A < 0 and ug,
locally linear near a;. Further details on the generalization of this result, as well
as new results for data with arbitrary curvature near the locations in question, will

be presented in a forthcoming paper.

1
Remark 4.114. We recall that if A € [1/2,1) and uf'(z) € Lz~ (0,1), then u
persists globally in time ([18]). This result does not contradict the above blow-up

1
example. Indeed, if uy’ € Lﬂz(l”) for A € [1/2,1), then ug is an absolutely continu-

ous function on [0, 1], and hence continuous. However, in the case just considered,
ug is, of course, not continuous.

Remark 4.115. From Theorem 4.7, which examines a family of smooth uo € Cg°,
notice that A\, = 1 acts as the threshold parameter between solutions that vanish at
t = 400 for A € (0, A\«) and those which blow-up in finite-time when A € (A, +00),
while for A\« = 1, uy converges to a non-trivial steady-state as t — 4o00. In the
example above with uj € PCg, we have the corresponding behavior at A, = 1/2
instead. Interestingly enough, when A = 1/2 or A = 1, equation (1.1) i), iii) models
stagnation point-form solutions to the 3D or 2D incompressible Euler equations
respectively. An interesting question would be to examine the effect on blow-up of
cusps in the graph of ug, for A = 1/2.

5. Examples

Examples 1-4 in §5.1 have A\ € {3,—5/2,1,—1/2}, respectively, and are instances
of theorems 4.7, 4.36 and 4.52. In these cases, we will use formula (3.20) and the
MATHEMATICA software to aid in the closed-form evaluation of some of the integrals
and the generation of plots. Furthermore, examples 5 and 6 in §5.2 are representa-
tives of Theorem 4.92 for A = 1 and —2. For simplicity, details of the computations
in most examples are omitted. Finally, because solving the IVP (3.17) is generally
a difficult task, the plots in this section (with the exception of figure 2A) will depict
uz (y(e, t),t) for fixed a € [0, 1] against the variable 7(t), rather than ¢. Figure 2A
will however illustrate u(x,t) versus = € [0,1] for fixed ¢ € [0, ¢.).

5.1. Examples for theorems 4.7, 4.52 and 4.36
For examples 1-3, let ug(er) = — = cos(4ma). Then uj(a) = sin(47a) attains its
maximum My = 1 at @; = {1/8,5/8}, while mo = —1 occurs at a; = {3/8,7/8}.

Example 1. Two-sided Blow-up for A = 3. Let A = 3, then n. = )\TI/IO = 1/3 and for
the time-dependent integrals we find that

Ko(t) = 2F1 [%, %; 1;9n(t)2] - 1“(3)(;;)(5) ~1.84 (5.1)
and
' upda T 5 gm(t?] o o0
/0 (1—3n(t)u))s 2n(t) 2B [6’ 5:29n(0) ] - (5:2)
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as n T 1/3. Using (5.1) and (5.2) on (3.20), and taking the limit as n 1 1/3, we see
that M (t) = ug(y(ai,t),t) — 400 whereas, for a # @, uz(y(a,t),t) = —oco. The
blow-up time ¢, ~ 0.54 is obtained from (3.17) and (5.1). See figure 1A.

Example 2. Two-sided Blow-up for A = —5/2. For A = —5/2, n, = Mlno = 2/5.
Then, we now have that

- 13 .25 I (45)
’Co(t) =5 |:—*, —; 1; 717(75) :| - ———————~09 (5.3)
510" 4 L(5) T (8
and
1 /
ug da 3 4 13 25 5
———— = ——(t) 2 {f,fﬂ;fnt — —00 5.4
/ TR el G I R oy

as 1 T 2/5. Plugging the above formulas into (3.20) and letting n 1 2/5, we find that
m(t) = uz(v(a;,t),t) = —oo while, for a # a;, ua(y(a,t),t) = +00. The blow-up
time ¢, ~ 0.46 is obtained from (3.17) and (5.3). See figure 1B.

Example 3. Global Existence for A\ = 1. Let A = 1, then
_ 1 ! ug da n(t)
Ko(t) = ——— and / = 5.5
VI o U—nw?  a_neni Y

both diverge to +oco as 5 1 1. = 1. Also, (5.5)i) and (3.17) imply n(t) = tanht,
which we use on (3.20), along with (5.5), to obtain

_ tanht —sin(4na)
 tanhtsin(4ma) — 1

uz (y( 1), 1)

Then, M(t) = uz(v(@s,t),t) = 1 and m(l) = uz(v(e;,t),t) = —1 while, for
a ¢ {a,q;}, us(y(a,t),t) = —1 as n 1 1. Finally, n(t) = tanht yields t. =
lim,11 arctanhn = +o00. It is also easy to see from the formulas in §3 and (5.5)i)
that I(¢t) = —1 for I(¢) the nonlocal term (1.1)iii). See figure 1C.

Example 4. One-sided Blow-up for A = —1/2. For A\ = —1/2 (HS equation), let
uo = cos(2ma) + 2 cos(4ma). Then, the least value mo < 0 of uj and the location
a € [0,1] where it occurs are given, approximately, by mo ~ —30 and a ~ 0.13,
respectively. Also, 7. = —mlo ~ 0.067 and

Ko(t) =1+ 17”227’7(’5)2 /01 ub(a) (1 + n(t)“(’(o‘)) da = 177°n(t).  (5.6)

Then, (3.17) and (5.6)i) give n(t) = 2, tan (71' H75). Using these results on

1772 2
(3.20) yields, after simplification,

™ (2 sin(2ra) 4 8sin(4ra) 4 v/34 tan (71'\/17775))

B \/% tan (ﬂ'\/gt) (sin(27ar) 4+ 4sin(4rar)) — 1

for 0 < n < n.. We find that m(t) = u.(y(a,t),t) - —oco as n 1 1., whereas, for
a # a, uz(y(a,t),t) remains finite. Finally, t. =t (—2/mo) ~ 0.06. See figure 1D.

uz (y(a,t),t)
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F1GURE 1. Figures A and B depict two-sided, everywhere
blow-up of (3.20) for A = 3 and —5/2 (Examples 1 and
2) as n 1 1/3 and 2/5, respectively. Figure C' (Example 3)
represents global existence in time for A = 1, whereas figure
D (Example 4) illustrates one-sided, discrete blow-up for
A=-1/2as n10.067.

5.2. Examples for Theorem 4.92

For examples 5 and 6 below, we let

—a, 0<a<1/4,
uo(a) = ¢ a—1/2, 1/4 < a < 3/4. (5.7)
1-a, 3/4<a<l.

Then, My = 1 occurs when « € [1/4,3/4), mo = —1 for a € [0,1/4) U [3/4,1] and
Ne = ‘Tl‘ for A # 0. Also, notice that (5.7) is odd about the midpoint & = 1/2 and it
vanishes at the end-points (as it should due to periodicity). As a result, uniqueness
of solution to (2.2) implies that (0,¢) = 0 and v(1,t) = 1 for as long as u is defined.

Example 5. Global estimates for A = 1. Using (5.7), we find that Ko (t) = (1—n(t)*)™*
. . — 2
for 0 < n < ny = 1. Then (3.15) implies va(a,t) = 1_17](;]7)(12@7 or
(1 =n(t)e, 0<a<1/4,
A= a+nBa—1/2),  1/4<a<3/4, (5.8)
a+n(t)(1—a), 3/4<a<1
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after integrating and using (5.7) and +(0,t) = 0. Since ¥ = w o -y, we have that

—on(t), 0<a<1/4,
u(y(a,t),t) = ¢ (e — 1/2)n(t), 1/4 < a<3/4 (5.9)
(1 —a)n(t), 3/4<a<1

where, by (3.17) and Ko above, n(t) = (1 — n(t)?)?. Now, (5.8) lets us solve for
a = a(z, t), the inverse Lagrangian map, as

o8 0<z< e,
ofz,t) = { sy, A << T (5.10)
e TP sesl
which we use on (5.9) to obtain the corresponding Eulerian representation
—(1 = ()1 +n(t)*z, 0 <<,
u(@t) = LA +nm))(1 - )2z —1), Y <o <O (511)
(1= ()1 +n(t)*(1 - z), ) < 5 <1,
which in turn yields
—(1—n(6))(1+n(1))?, 0<z< =,
e (,) = $ (1+n(6) (1 — (1)), 0 < < 20, (5.12)
—(1=n®)A+n@t)?, — HEO <zl

1

Finally, solving the IVP for n we obtain t(n) = 3 (arctanh(n) + _Lng) , so that

1
(3.18) gives ty = limyp1 t(n) = +00. See figure 24 below.

Remark 5.13. The vanishing of the characteristics in example 5 greatly facilitates
the computation of an explicit solution formula for (e, t) = u(vy(e,t),t). How-
ever, as it is generally the case, v(0,t) may not be identically zero. In that case,
integration of (3.15) now yields

Y(a,t) = v(0,t) + Kol(t) /0‘l J(Zyt)%7 (5.14)

which we differentiate in time to obtain
d 1 «
t),t) =4(0,t — | = Koy, t)dy | . 5.15
ur(e.0.0 =50, + 41 (7o [ Kolw-Oa) (5.15)

In order to determine the time-dependent function 4(0, ), we may use, for instance,
the ‘conservation in mean’ condition®®

/01 uo(z)dx = /01 u(z, t)de = /01 u(y(a,t), t)va(a, t)do. (5.16)

Let us assume (5.16) holds. Then, multiplying (5.15) by the mean-one function o
in (3.15), integrating in a and using (5.16), yields

. _ ! ! Ko(a,t) d 1 «
*y(O,t)f/O w(a)da - [ E% $<I€O(t)/0 ICo(y,t)dy) do.  (5.17)

131n [20], the authors showed that (5.16) follows naturally from the study of spatially pe-
riodic, stagnation point-form solutions to the n dimensional Euler equations with spatially
periodic pressure term.
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Omitting the details of the computations, (5.17) may, in turn, be written as
1 _ —2(142)
. Ko(t) ) / /
0,t) = d Ko(a, t) Ki(y,t)dy d
’Y( ) ) /O U()(Oé) o+ )\U(t) 0 CZ 1 y7 Y ax
(5.18)

The above and (5.15) yield a representation formula for u(y,t). Integrating (5.18)
in time and using (5.14) gives an expression for the characteristics . Finally, we
remark that under Dirichlet boundary conditions and/or using initial data uo which
is odd about the midpoint ([7], [23]), a general formula for u(v,t) can be obtained
from (5.15) by simply setting 4(0,t) = 0.

Example 6. Finite-time blow-up for A = —2. Using (5.7) and A = —

_ V1T =2n(t) + /14 2n(2) Yup(a)da dKo(t)
Ko(t) = 5 and /0 J(a,t)l-'—% T dn

for n € [0,7:) and n. = 1/2. Then, (3.20) yields

(Vi y/120)°

_ 8(1+2n(t))y/1-2n(t)
Uz (’7(0‘7 t)? t) - 1—2n(t)+ 1+277(f))

8(1—2n(t))y/1+2n(t)

, a € [1/4,3/4),

, a €[0,1/4) U [3/4,1],

(5.19)
so that M(t) — +oo and m(t) — —oo as 1 1 1/2. The finite blow-up time ¢, > 0 is
obtained from (3.17) and Ko above. We find

1

1) = g (n2 (674\/174772) /14 71),

so that t. = t(1/2) = 2/3. See figure 2B below.

RN i v |

@ ®) oy

FIGUuRE 2. In figure A, (5.11) vanishes as ¢ — 400, while
figure B depicts two-sided blow-up of (5.19) as n 1 n. = 1/2.

Appendix A. Global existence for A\ = 0 and smooth data.
Setting A = 0 in (3.3) gives

(lnfyoz)“:f/0 uldz = I(t).
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Then, integrating twice in time and using Yo = (uz (7Y, t))Ye and va (e, 0) = 1, yields
Y (CY, t) _ etu&(a)efot (t—s)](s)ds. (Al)

Since 7, has mean one in [0, 1], integrate (A.1) in « to obtain
t 1 A -t
€f0 (t—s)I(s)ds _ (/ etuo(a)da) ) (A2)
0

’ / _1
Combining this with (A.1) gives va(a,t) = et*0(®) (fol etuo(a>da) , a bounded
expression for v, which we differentiate w.r.t. to ¢, to get

f01 uf(ar)et™ o™ doy

A3
fol eto(®da (&.3)

uz (Y(a, 1), 1) = ug(a) —

and so

1
0 < ug(@) — ugz(y(a, t),t) < / up () 0™ day, t>0.
0

The cases where ug, ug € PCr are analogous, and follow from the above.

Appendix B. Proof of lemma 4.5.

For the series (4.2), we have the following convergence results [9]:

e Absolute convergence for all |z| < 1.

e Absolute convergence for |z| =1 if Re(a+b—c¢) < 0.

e Conditional convergence for |z] =1,z # 1if0< Re(a+b—c¢) < 1.
Divergence if |z| =1 and 1 < Re(a+ b — ¢).

Furthermore, consider the identities [9]:

di2F1 [a,b;¢;2] = @ R l[a+1,0+1¢+1;2], 2Fi[a,bib;2] = (1—-2)"° (B.1)
z C

as well as the contiguous relations
c
a—b

zoFila+ 1,0+ 14+ 1; 2] = (2F1[a,b+ 1562l —2Fi [a+ 1,b;¢2])  (B.2)

and

oF1 [a,b;¢;2] = b oF [a, b4 15¢; 2] — a oF1 [a+1,b;¢; 2] (B.3)
b—a b—a

for b # a. For simplicity, we prove the lemma for 5y = 0 and write F' = o F7.

Set a =1/2, ¢c=3/2 and z = —COTBZ. Then, the assumptions in the lemma imply
that -1 <z<0Oand a+b—c=0b—1<1, so that (B.1)i) and the chain rule give

% (BF [a,b; c; 2]} = %b (zFla+1,b+ e+ L2+ Flabicz.  (BA)
But for b # a = 3, (B.2) and (B.3) imply

zF[a+1,b+1;c+1;z]:%(F[a,b—i—l;c;z]—F[b,c;c;z])
and

F[mb—l—l;c;z]—#F[b,c;c;z].

Fla,b;c; 2] = =1

2b
20 -1
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Substituting the two above into (B.4) and using (B.1)ii)'* yields our result. O

Appendix C. Proof of (2.5).

We prove (2.5) for A > 0. The case of parameter values A < 0 follows similarly.

Suppose A > 0 and set n. = )‘Ml+ for arbitrary € > 0. Then 0 < 1. < 7« for

Ny = AMo Also, due to the definition of Mo,
+ A(Mo — ug(a))
1 — Aneuh(a) = =
Aneug(a) = o T e >0
for all a € [0, 1], while 1 — Ancug(a) = 0 only if € = 0 and o = &;. We conclude that
1—An(t)up(a) >0 (C.1)

for all 0 < n(t) < N« and a € [0,1]. But uj(a) < Mo, or equivalently
up(a) (1 = An(t)Mo) < Mo(1 — An(t)uo(ev)),
therefore (C.1) and ug(a;) = Mo, 1 < i < m, yield

}L?a(,ll)f) u(()(ia;) (©2)
for 0 < n < n. and
J(a,t) =1 — An(t)ug(a), J (@, t) =1 — n(t)Mo.
The representation formula (3.20) and (C.2) then imply
wa (Y(@i, ), t) > ue(v(a,t),t) (C.3)

for 0 < n(t) < n« and « € [0, 1]. Finally, one can easily see from (3.20) that, as long
as the solution exists,

uﬂ?(fY(aht)ﬂf) = ul(rY(a27t)7t) g u()(al) = u{)(OQ) (04)
for all a1, a2 € [0,1]. Then, (2.5)i) follows by using definition (2.3) and (in)equality
(C.3). Likewise, ug(a) > mo = uo( ;)s (3.20) and (C.1) imply (2.5)ii). Similarly

for A < 0, (C.1) holds with . = —— > 0 instead. Both (2.5)i), ii) then follow as
above. [
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