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Abstract. We classify the conjugacy classes of prime order cyclic groups, Z/p,
acting orientably on the closed orientable surface of genus g, Sg, or equiva-
lently subgroups, Z/p ⊂ Γg, the corresponding mapping class group. This
classification is given by 3 canonical actions and the connected sum at fixed
points. We also mention application of this classification to finding Hamilton-
ian cycles in the Cayley graphs of certain finite group presentations and to
computing the Farrell cohomology of certain pure mapping class groups.

1. Introduction

We prove

Theorem 1.1. Let p be an odd prime. Then every nonfree orientable action of
Z/p, the prime order cyclic group, on Sg, the closed orientable surface of genus g,
is given (up to conjugation) by the connected sums at fixed points of the canonical
action of Z/p on Sp and a canonical action of Z/p on S(p−1)/2.

Every nonfree action of Z/2 on Sg is given by the connected sum at fixed points
of the canonical action of Z/2 on S2 and the canonical action of Z/2 on S1.

Let p be any prime, odd or even. Then every free action of Z/p on Sg is the
canonical action (up to conjugation) of Z/p on S1+pk for some k ≥ 0.

Remark 1.2. We explain the canonical actions in Theorem 1.1 above in section 2
and the connected sum at fixed points in Theorem 1.1 in section 4.

Remark 1.3. Any application of Theorem 1.1 can be derived by applying the
Riemann Hurwitz equation directly. However, discovering what these applications
should be seems much easier using Theorem 1.1.

Remark 1.4. Theorem 3.3 shows that Theorem 1.1 also classifies the conjugacy
classes of Z/p ⊂ Γg. This was shown in [8] also.

The remainder of this paper is organized as follows: In Section 2 we explain the
canonical actions in Theorem 1.1. In Section 3 we explain the fixed point data
of an orientable action of Z/p on Sg and in Section 4 we describe the connected
sum at fixed points that occurs in Theorem 1.1. In Section 5 we prove Theorem
1.1. In Section 6 we mention examples illustrating Theorem 1.1. In Section 7 we
describe the application of Theorem 1.1 to showing that the Cayley graph of every
< 2, s, 3 > finite group presentation has a Hamiltonian cycle and in Section 8 we
describe the application of Theorem 1.1 to computing the Farrell cohomology of
certain pure mapping class groups.
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2. The canonical actions of Z/p

Case 1: Z/p on Sp. We indicate this action by Figure 1 for p = 2 and by Figure 2
for p = 3. Note that this action has 2 fixed points.

Figure 1. Action of Z/2 on S2

Figure 2. Action of Z/3 on S3
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Case 2: If p = 2, Z/p on S1. If p is an odd prime, Z/p on S(p−1)/2.
If p = 2, this case refers to the hyperelliptic action of Z/2 on the torus S1. Other-
wise, if p is odd, cap the surface in Figure 4 with a single boundary component by
a disk and extend the action on the boundary of this disk to the interior of the disk
radially, giving an action on the torus with 3 fixed points. For p = 3 see Figure 3
below. (Note that Figure 5 gives the same action of Z/3 on T as that pictured in
Figure 4.)

Figure 3. Hyperelliptic action of Z/2 on S1 = T with 4 fixed points.

Figure 4. Action of Z/3 on S1 = T with 3 fixed points.
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Figure 5. Rotation by π/3 gives the same action of Z/3 on T
as Figure 4.

Note that this case is actually a whole family of symmetries. Fix an s in
{1, 2, . . . , p − 2}. Now proceed as in Figure 6.
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Figure 6. Overhead view of case 2 with (1, s, p− s − 1) fixed point data.

That is, start with a top disk and a bottom disk. Attach p Möbius strips con-
necting the top disk to the bottom disk. Proceed around the boundary of the top
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disk and label possible attaching points as

a0, b0, a1, b1, . . . , ap−1, bp−1

where a given strip is attached between ai and bi on the top disk. Similarly label
points

c0, d0, c1, d1, . . . , cp−1, dp−1

on the bottom disk. Attach the ith Möbius strip so that it goes from ai, bi to csi, dsi

(where the indices are thought of as being in Z/p.)
The boundary of the surface (indicated in Figure 6) constructed by this process

is a simple closed curve. Starting at a0, we can follow it around as

a0, d0, c1, bs−1 , . . . , aks−1+k, dk+ks, c(k+1)+ks, d(k+1)s−1+k, . . . .

So the path starting at a0 reaches ak(s−1+1) after 4k steps. Since s ∈ {1, 2, . . . , p−2},

s−1 + 1 6= 0 and hence s−1 + 1 is a generator for the cyclic group Z/p. So every
ai is reached in the path. From this, we see that every bi, ci, di is also reached. So
the boundary is a circle as claimed. Attaching a disk to this boundary, we get a
surface with fixed point data (1, s, p− s− 1) (see section 3 for the definition of the
fixed point data.)

Remark 2.1. A disk with identifications on its boundary can also be given as a
model for the (1,s,p-s-1) example.

Case 3: Z/p on S1+pk.

Fix a positive integer k. Now attach p surfaces of genus k around the longitude
of a torus. Longitudinally rotating the torus by 2π/p yields an action of Z/p on
S1+pk. Figure 7 shows the case p = 3 and k = 1.

Figure 7. Action of Z/3 on S4 without fixed points
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3. The fixed point data of Z/p ⊂ Γg

We restrict to Z/p acting orientably on Sg although the fixed point data makes
sense for any cyclic action (cf. [7]). Replace the given topological action by a
smooth action which is homotopic and hence conjugate to it. At each of the finitely
many fixed points of this smooth action the induced rotation in the tangent space
will be by 2π/ki, where 1 ≤ ki ≤ p − 1, i = 1, 2, ..., n, the number of fixed points.
The fixed point data for this Z/p action of Sg is (n, {k1, k2, ..., kn})., i.e., n and
the unordered set of rotation numbers ki, i = 1, ..., n.

Theorem 3.1. ([8]) The fixed point data determines the conjugacy class of the Z/p
action in Homeo(Sg).

Remark 3.2. Σn
i=1ki ≡ 0(p) as can be seen by considering the unbranched cov-

ering of the punctured surface given by restricting the branched covering to the
complement of the fixed points. This regular covering is given by an epimorphism
of the fundamental group of (Sg − {x1, ..., xn})/(Z/p) to Z/p, showing the result.

We define the fixed point data of subgroup Z/p ⊂ Γg as the fixed point data
of any Z/p action of Sg representing Z/p ⊂ Γg.

Theorem 3.3. ([9])The fixed point data of a subgroup Z/p ⊂ Γg determines its
conjugacy class in Γg.

4. The connected sum at fixed points

Given smooth actions of Z/p on Sg and Sh with fixed points having rotation num-
bers k and −k resp., the connected sum of these two surfaces at the fixed points gives
an orientable action of Z/p on Sg+h. We call this action the connected sum of Sg

and Sh at these fixed points. In the figure below we illustrate this connected sum
at fixed points.

Figure 8. Action of Z/3 on S4 with 3 fixed points
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Figure 9. Action of Z/2 on S3 with 4 fixed points.

Figure 10. Same as above (action of Z/2 on S3) but more obvi-
ously a connected sum

5. The proof of Theorem 1.1

In this section we prove Theorem 1.1 by showing how to realize the fixed point
data of any orientable action of Z/p on a closed connected surface of genus g in
terms of our description of an action of Z/p given by the connected sum of actions
of Z/p on Sp and actions of Z/p on S(p−1)/2 (and for the free action of Z/p on
S1+pk). For the nonfree case note that the number of copies of S(p−1)/2 we need is
n− 2, where n denotes the number of fixed points, and the number of copies of Sp

we need is h, where h is the genus of the quotient surface Sg/(Z/p).

Proof. Given odd prime p and an action of Z/p on Sg with n fixed points, let
h denote the genus of the quotient surface, Sg/(Z/p). By the Riemann Hurwitz
equation [3]

2 − 2g = p(2 − 2h − n(1 − (1/p))),

or

2g = 2 − p(2 − 2h − n(1 − (1/p)) = ((n − 2) + 2h)p − (n − 2).
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On the other hand, we can construct an action of Z/p on Sg by the connected
sum at fixed points

#hSp##n−2S(p−1)/2,

i.e., twice the genus of this surface is

(n − 2)(p − 1) + 2hp = ((n − 2) + 2h)p − (n − 2).

The rotation numbers of the n fixed points are constructed inductively, i.e., we
pick k1 as the rotation number for the “bottom” of the first Sp and −k1 for the
rotation number for the “top” of the first Sp,...,−k1 for the “top” of the hth Sp,
k1 for the rotation number for the “bottom” of the first S(p−1)/2, k2 for the ”side”
of the first S(p − 1)/2, p − k1 − k2 for the rotation number of the top of the first
S(p−1)/2. Proceeding in this way we see that we have two actions of Z/p on Sg with
the same fixed point data, hence the same action (up to conjugation).

The proof for the nonfree action of Z/2 is completely analogous except there is
only one rotation number possible so that having the same number of fixed points
suffices.

In case the action is free the multiplicative property of the Euler characteristic
in an unbranched covering shows that g = 1 + pk and the trivial fixed point data
shows that any two actions are conjugate.

�

6. Corollaries

Corollary 6.1. If 1 < g < (p − 1)/2, then there is no Z/p in Γg.

Corollary 6.2. (c.f.[10]) If we have an action of Z/p, p odd, on Sn(p−1)/2 with
n + 2 fixed points then the quotient is the 2-sphere.

Corollary 6.3. Suppose p = 2 and we have an action of Z/2 on Sg. Then if g
is even there are 2 (mod 4) fixed points and if g is odd there are 0 (mod 4) fixed
points.

Corollary 6.4. For all g ≥ 0, Z/3 ⊂ Γg.

Corollary 6.5. There exists no Z/5 ⊂ Γ3.

Corollary 6.6. (cf. [11]) There exists exactly one conjugacy class of Z/p ⊂
Γp, provided p ≥ 5. This conjugacy class has two fixed points and the quotient
Sp/(Z/p) ∼= S1.

Corollary 6.7. (cf. [11]) If p ≤ g ≤ 2p and p 6= 2 then g = 2(p − 1) = 2p − 2,
resp. g = p + (p− 1)/2 = (3p− 1)/2, resp. p = p + p− 1 = 2p− 1 and the number
of fixed points is 2, resp. 3, resp. 4, for any action of Z/p on Sg.
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7. Application to Hamilton cycles

In 1968 Lovász [6] asked whether every finite, connected, vertex transitive graph
has a Hamiltonian path, a simple path passing through every vertex. This question
grew into the question whether the Cayley graph of every finite group presentation
has a Hamiltonian cycle, a simple closed curve passing through every vertex. In
[4], [5] it is shown that every < 2, s, 3 > finite group presentation, {a, b|a2 =
bs = (ab)3 = 1, etc.}, has a Hamilton cycle. The proof makes use of the following
corollary of Theorem 1.1.

Corollary 7.1. (cf. cor. 6.3) Let Z/2 act on Sg with n fixed points. Then the
following table gives the parity of the quotient surface Sh=Sg/(Z/p) in terms of g
mod(4) and n mod(8).

g n h
2 (mod 4) 2 (mod 8) 1 (mod 2)
2 (mod 4) 6 (mod 8) 0 (mod 2)
0 (mod 4) 2 (mod 8) 0 (mod 2)
0 (mod 4) 6 (mod 8) 1 (mod 2)
1 (mod 4) 0 (mod 8) 1 (mod 2)
1 (mod 4) 4 (mod 8) 0 (mod 2)
3 (mod 4) 0 (mod 8) 0 (mod 2)
3 (mod 4) 4 (mod 8) 1 (mod 2)

8. Application to the Farrell cohomology of certain pure mapping

class groups

In [1] we compute the Farrell cohomology of certain pure mapping class groups
(cf. [10], [11]). In particular, for p odd we prove

Theorem 8.1.

Ĥi(PΓn+1
n(p−1)/2, Z)(p)

∼= Ĥi(PΓn+2
n(p−1)/2, Z)(p)

∼= (Z/p)(n−1)![(p−1)n+1+(−1)n][n2+n−(−1)n+i2]/4,

.

Ĥi(PΓ2n+1
n , Z)(2) ∼= Ĥi(PΓ2n+2

n , Z)(2) ∼= (Z/2)(2n−1)[2n2+n−(−1)i]/2.

Here PΓk
g denotes the pure mapping class group of genus g with k punctures

pointwise fixed by the homeomorphisms.

The genera and number of fixed points of these mapping class groups are ex-
plained nicely by corollary 6.2 of Theorem 1.1. In particular, the quotient space is
the punctured 2-sphere where cohomology has been computed by F. Cohen in [2].



10 Y. Q. CHEN, H. H. GLOVER, AND C. JENSEN

References

[1] Y. Chen, H. Glover, C. Jensen, The center of some braid groups and the Farrell cohomology
of certain pure mapping class groups (submitted for publication).

[2] F. Cohen, Artin’s braid group and the homology of certain subgroups of the mapping class
group, Mem. Amer. Math. Soc. 443 (19991), 6-28.

[3] H.M. Farkas and I. Kra, Riemann surfaces, second addition, Springer-Verlag, New york 1992.
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