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EXISTENCE, UNIQUENESS, AND NUMERICAL ANALYSIS OF SOLUTIONS
OF A QUASILINEAR PARABOLIC PROBLEM*

DONGMING WEIt

Abstract. A quasilinear parabolic problem is studied. By using the method of lines, the existence and
uniqueness of a solution to the initial boundary value problem with sufficiently smooth initial conditions
are shown. Also given are L? error estimates for the error between the extended fully discrete finite element
solutions and the exact solution.
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1. Introduction. In this work, we show that, by using the method of lines, the
quasilinear parabolic problem governed by the p-harmonic operator has a unique weak
solution which is more “‘classical” than the weak solution obtained by applying the
theory of Kacur [4], in the sense that it satisfies the equation pointwise with respect
to time. Therefore, in finding numerical solutions to this problem, integration can be
carried out only on the spatial domain. In the formulation of this problem integration
over the time interval is not needed while it was needed in the formulation used in
[4]. With this formulation, L* error estimates for the error between the true solution
and its fully discrete approximations are obtained. In [7] and [10]-[12], the method
of lines is extensively used.

2. An existence and uniqueness result. Throughout this paper, we shall assume
that Q) is a bounded convex domain in R" with smooth boundary 4Q, and p=2. We
also use u(t) or simply u to denote function u(x, t) which is defined on Q x [0, T], T > 0.
We use the following notation

1/p 1/2
=] [ 1varac] gt rac]
Q (9}

|- |l. is the usual L*(Q) norm and | - || the seminorm for W"”(Q) which is a norm for
Wo?(Q).
Let A: W"P(Q) > (W"?(Q))* be the operator defined by

(Au, v) = J |Vu|?2(Vu, Vo) dx forve W"P(Q).
Q

For definitions of Sobolev spaces W'?(Q), W;?(Q), and (WyP(Q))*, see [2], [5].
We quote the following lemma from [3].
LEMMA 1. There exist constants a >0 and >0, such that, for p=2,

allu—v|?=(Au—Av, u—v)
and
|Au—Av|*=B(|lull+|v])? > |lu—v| foranyu, ve W-P(Q).

Note. For p=2, L*(Q)> W"?(Q). In following (-, -) is understood as the usual
inner product in L*(Q) and (-, -) as the duality for a pair in W5?(Q) x (W§?(Q))*.

* Received by the editors January 16, 1989; accepted for publication (in revised form) February 13, 1991.
+ Department of Mathematics, University of New Orleans, Lakefront, New Orleans, Louisiana 70148.
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LEMMA 2. For any ge W"?(Q), the problem
(Au,v)=(g,v) foranyve W5"(Q),  ulso=1olsn
has a unique solution uc W'*(Q), where uye W"*(Q).
Proof. Since () is a bounded set, we have
(WP (Q))* > Whi(Q) > W' (Q),
where g =p/(p—1),and thus g e (W"?(Q))*. And by Lemma 1, A is a strictly monotone
operator. Therefore A satisfies all the conditions in Theorem 29.5 [2, pp. 242-243]. By

the conclusion of this theorem, the problem has a unique solution.
Consider the following nonlinear evolution problem

(1) 3—1:+Au =f, xeQ, te(0,T],
2) u(x, t)=¢(x), x€0Q, te(0,T],
(3) u(x,0)=uy(x), xeQ,

where uge W"?(Q), ug|,o = ¢ and f:[0, T]~> L*(Q) is Lipschitz continuous, i.e., there
exists a positive constant L such that || f(¢) —f(¢')||.= L|t—¢/| for any ¢, t'€[0, T].
Note. Here we only consider fixed boundary conditions since the method of lines
does not apply to this problem with time-dependent boundary conditions. This is clear
since (8) requires u(t;) —u(t,_,) € WyP(Q).
DEFINITION 1. Let u(x, t): [0, T]-> L*(Q). If there exists a function g(x, t) such
that

u(t+At)—u(t)_
At

we then say that u is differentiable at ¢, and g(x, t) is called the derivative of u(x, t)

at ¢, which is denoted by du(x, t)/dt.

DEFINITION 2. We say that u is a solution of (1)-(3) if u(x, t) e W*?(Q) for all
te (0, T],

lim

At—>0

g(1)

=0,
2

4) <%1-:, v> +(Au, v) =(f, v),

(5) (u(0), v) =(uy, v) forany ve Wy?(Q),
and

6) u(x, t) = ¢(x), x€aQ, te(0,T],

where du(x,t)/dt is the derivative in the sense of Definition 1, use W-*(Q),
Uolon = P(x).

THEOREM 1. Suppose that uye W' (Q) and V - (|Vuy|? *Vuy) € L*(Q), then problem
(1)-(3) has a unique solution u in the sense of Definition 2. Furthermore,
ue C[0, T; W"*(Q)] and du/dte C[0, T; Wi*(Q)].

Let {t;};—o., be uniform partition of [0, T], At=T/n, and t,=iAt. Consider the
following recursive nonlinear elliptic problems.

Given u;_,, find u; such that

®) =, onof) foranyve WyP(Q),
where u;=u(x, t;), fi=f(x,t),i=1, n.
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Lemma 2 above assures that for each such partition {t,},_y ., (7), (8) can generate
a unique sequence {u;};—o, in w"?(Q).

To prove Theorem 1, we first establish several lemmas, namely Lemmas 3-7, under
the hypothesis of the theorem, i.e., V - (|Vug| " *Vu,) € L*(Q). In the following C(uo, f)
denotes a generic constant depending only on u, and f.

LEMMA 3. For the above sequence {u;};_, ,, there exists a constant C(u,, f') such that
Ui —ui,

At

Proof. In (7), let i=1, v=(u,—u,)/At. We have

2 — —
+i (Auy— Aug, uy — up) = <f1, - tuo> —(A“o, 4 uo) s

A At
At At

U~ Uy
A
( U, At )
since, by Lemma 1, (1/At)(Au, — Augy, u, — 1) =0.
Applying the divergence theorem to the second term in the right-hand side of (10)
and using the fact that u, —u,e Wy”(Q), we have

L V- (quol”_zVuo)<ulA_tu°) dxl

U — Uy
At

9

zgc(“o,f))~

Uy — Uy
At

2
which implies that

Uy — Uy U — U

—+
2

9

(10)

2
= [l Alll
2

ul_

Uy
+
At

2

=14l

u Uy
At

= (”fl”z"‘ ”V : (|V“o|p_zvuo) "2)

s
2

and hence obtain

U — U
At

(11) = (Al + 1V - (Vs ">V o) [2)-

Since, by letting v =u; —u;_, for i=2 in (7),

ui_u,‘_
<_A_t——l’ u,— “i~1>+(A“i, = i) ={fi, u; —u;_y),

u,'.. —U;_
< 1At 2 u— ui_1>+(Au,-_,, w—up_y) ={fimq, i_ti_y),

we have

u,' - u,-_
<_A—t——l’ u;— “i~1> +(Aui— Ay, u; — Ui )

u,'_ _u,'_
= <_1Tt_2’ u; — “i—1> H(fi—ficr, Ui —Uiy),

which implies, by Lemma 1 again,

U —u;_
F = s+ el =
t 2
(12) U,_1—U;
g( _I:I_At_'—z 2+||j§—ﬁ-1||2> ;= w2
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And hence, by (12) and the Lipschitz continuity of f, we have

Ui — Ui
At

U1~ Ui
At

IA

i +fi—fizall2
(13) ’

U1~ Ui
At

lIA

+AtL.

2

By (11 ) and (13), we finally have

Ui — Ui,
At

U — Uy

At

+TL
2

(14) ’
= (Al ]V - (IVuo|”*Vuy) ) + TL.

By (14) and the regularity hypothesis on u,, i.c., V- (|Vuo|? >Vu,) € L*(Q), we then
have (9), with C(uy, f) =Maxe=,=1 || f(¢)|2+ |V - ((Vuo|” *Vuo)|.+ TL. The proof is
completed.

As a consequence of Lemma 3, we have the following.

CoroLLARY 1. For the sequence {u;},_o, in Lemma 3, there exists a constant
C(uo, f) such that ||u;||,=C(uo, f), i=1,n.

LEMMA 4. There exists a u¥ e L*(Q) for each i, such that

(Au;, v) =(u¥,v) foranyve WgP(Q)

and ||Au;||¥ = ||\u¥|,, where i=0, n. Also ||u¥|,= C(uo, f) for some constant C(u,, f).
Proof. By (7), we have, for i=1, n,
ui_

—-1—_—141, v>+(f,~, v) forany ve WyP(Q).

(Aui, U)=< At

By (9) we know that Au; is a bounded linear operator on W”(Q) with respect to the
L*(Q) norm; in fact, ||Au||F = ||((u; —uimy)/At)+ fi||,= C(uo, f). Also W§P(Q) is a
subspace of L*(); in fact, this is a compact imbedding. Therefore by the Hahn-Banach
theorem [8, p. 111], Ay; can be extended to a bounded linear operator F; on L*(Q) so
that || F;|| ¥ = || Aw||¥. Hence, there exists a u* e L*(Q) with || F;[|¥ =|u¥|,, and F,(v) =
(u¥, v) for any v e L*(Q). In particular, (Au;, v) = F;(v) =(u¥, v) for any ve Wy*(Q),
and |u¥|,=|Aul|F= C(uo, f).

CoROLLARY 2. For the sequence {u;};—o, in Lemma 3, there exists a constant
C(uy, f) such that

lull=C(uo,f), i=1,n
Proof. By Lemma 1, Corollary 1, and Lemma 4, we have
alu;—uo||” = (Au; — Aug, u; — uo) = (u¥ — ug, u; — uo)
(15)
= ([lufllo+ lugDllu: — uoll.= Cuo, f), i=1,n
By the convexity of ||-||?, we have
llull? = 277 (s — ol * + [l uoll ),

which, together with (15), gives the result of this lemma.
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Now, let {t;};-0,, and {tx}x—om be two uniform partitions of [0, T],

t—t; ti1—t
“n(t)=At‘“i+1+lXt u;, L<t=ty,, i=0,1,---,n-1,
i f
t—t, teor—1
um(t)=At uk+1+ th Upe, tk<t§tk+l, k=0,1"",m_1,
k k

T T
u,(0) = u,,(0) = u(0), Ati=i—, At,=k—.
n m

Let
U ()=uy, fort;<t=ty,, i=0,1,2,---,n-1, u,(0)=u,
ym(t)=uk+1 for tk<t§tk+1, k=0, 1,2"'.’m_1, ym(0)=u0'
Obviously,
du,(t) uw,—u
n( ): i+1 z, ti<t§ti+1,
dt At
A (1) Uy — te
= , L <t=tpq.
dt At 3 k+1

Remark 1. By Lemma 3, du,(t)/dt, u,(t), and u,(t) are uniformly bounded with
respect to n and ¢, in L*(Q) norm. In fact, they are all less than or equal to some
constant C(uy, f).

LeEmMMA 5. For u,(t) and u,(t) defined above, we have

nun(t)—y.,(t)nzél‘i(—%"—’ﬁ.

Proof. By Lemma 3, we have
(t=t) Uiy + (i ty — )t — (L — L) Uiy
At;

” (tl+l t)(uH-l ui)

lua(t) — ua. ()=

2

(u,+1 u;)

=(ti—t) At

<= TC(uO’f)

n

2

This proves Lemma 5.
By the definition of u, and (7), we have, for 0=i=n, 0=k=m,

du,
(16) <dl: ,U>+(Aui+l, U)=(ﬁ', U), ti<t§ti+l’
and

du,,
17) _d;_ v )+ (Athesy, 0) ={fx, V), b <U= iy

Let v = u, —u,,, and subtract (16) from (17). We have, for t € (¢;, t;+1] N (¢, tes1l,

d
<%t—*, u, (1) = um(t)>+(Au,+1 Aty n (1) = U (1)) = i = fic, Un(t) = um(2)),
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which gives
1d )
2 E(IIun(t)—um(t)||2)+(Au,-+1—AukH, Un (1) = U (8)) =i = fre Un (1) — U (1)).
Hence we get
1d »
5E(”un(t)_um(t)”2)+(Aui+l_Auk+1’ Uiy — Upes1)

(18) + (At — Al U, (1) — 1, (1)) — (At — Aty , U (t) — U, (1))
={fi = fie» U (1) — U (1))

for te (11N (#, tir1], since u,(t) = w1y and u,, (1) = ey .
Using Lemma 1 and (18), we get

1d

5 E(”un(t)_um(t)||§)+a”ui+l_uk+1”p

=[(Attiry = Attiery, un (1) — (1))
(At — Attiery, U (1) = U (1)) F i = S (1) — (D).
By Lemmas 4-5, we have
(Attiy = Aty (1) = 1, ()] = (| Aty |5+ | At | )] (1) = 24 (D)2
= (lufalla+ Tkl ua (1) = ua (D)l2

(19)

20
- <M
= " .
Similarly,
(21) |(Au,'+1_Auk+1,um(t)_ym(t))lgw,

By Lipschitz continuity of f, the definition of u,(¢), and Remark 1, we have

Cfi = fres tn (1) =t (O] = LIt = i [| 4 () = 14 (2) |2

1

(22) =2LTC(u,, f)<%+;).

Using (19)-(22) we get

1d . 11
(23) 2 ) - (DI 2T+ D), 1) (5 2-).

Integrating (23) over [0, T], and noting that u,(0) = u,,(0), we obtain

(24) lua(1) = um(1)|3=4T2(1 +L)C(u0,f)]<%+$).

Hence by (24) we have proved the following.

LEMMA 6. {u,} is a Cauchy sequence in C(0, T; L*(Q)), and it converges to an
element ue C(0, T; L*(Q)).

The following lemma is a direct result of Lemmas 5 and 6.

LEMMA 7. {u,} converges to u in L(0, T; Wy?(Q)), and lim,,_, . (A(u,(t)), v) =
(A(u(t)), v) for any ve W§P(Q), uniformly over [0, T].
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Proof. By using Lemma 4 and the definition of u,(¢), we have
|| tn () =t (D] = (At (8) = Aty (2), a(t) = (1))
= (lux@ A+ lun @I ua () — 2 (D2
(25) =2C(uo, f)l|un(t) = (D)2
=2C(uo, £)([|tn () = un(t) |2+ [t (£) — (D) |2
+ [t () — tm (D))

Applying Lemmas 5 and 6 to (25), we see that {u,(¢)} is a Cauchy sequence in WP (Q),
and hence it converges to some limit in W?(Q). But this limit must be the same as
the limit u of {u,(t)}, since by Lemma 5 both {u,(#)} and {u,(t)} converge to the same
limit in L?*(Q). By Corollary 2 and the definition of u,(r) we know that ||u,(1)||=
C(uo, f) and hence ||u(t)|| = C(uo,f), i.e., ue L(0, T; W5 (Q)).

Furthermore, by Lemma 1, we have, for each ve Wg?(Q)

[(A(ua(1)), 0) = (A(u(2)), ©)| = B ta (D] + [l (D)D" [t (8) = u(D)]| 0]
= C(uo, Nlv]l lun (1) = u(®)].

Therefore, the second assertion of Lemma 7 follows from (26) since |lu,(t)—u(t)||
converges to zero uniformly over [0, T]. Lemma 7 is proved.

Now, let us prove our main result, Theorem 1. Recall that by (7) and the definition
of uy,, un,

(26)

du,
< dut , v>+(Ay,,, v)=(f,v) forany ve Wy*(Q).

Taking limits, and applying Lemma 7, we have, for any ve Wy?(Q),

n->oo

27) lim <%, v> +(Au, v) ={f, v),

uniformly in [0, T].

For each t€[0, T], by Remark 1, {du,(t)/dt} is a uniformly bounded sequence,
with respect to ¢, in the reflexive Banach space L*(Q) and hence has a subsequence
which converges weakly to an element w(t) € L*(Q). Thus, we have, by (27), that

(28) (w(t), v)+ (Au(t), v) =(f, v) for any ve Wg?(Q).

This w(t) is independent of the subsequence, since for fixed u and f, (28) has only
one solution. Since the weak limit of a uniformly bounded sequence is also uniformly
bounded [2, p.193], we L®(0, T; L’(Q)). Therefore, again by the Hahn-Banach
theorem, (28) can be extended to hold for any v € L*(Q).

Let ¢, t'€[0, T]. Using (28), we have

(29) (w(t)—w(t"), v)=(Au(t) - Au(t), v) +{f(1) = f(1'), v),

which also holds for any v € L*(Q).
Let v =u(t)—u(t’). By (29), Lemma 1, and the boundedness of w in L*(Q) norm,

we get
allu(t)—u(t)||” = (Au(t) — Au(t'), u(t) —u(t)
(30) =(w(t)=w(t)—f() +f(1), u(t) —u(t))
= c(uo, Nllu() —u(@)|,.



A QUASILINEAR PROBLEM 491

By Lemma 6 and (30), we get
(31) lim [|u(e) —u(t)] =0.

Thus, ue C[0, T; W"-?(Q)].

We next show that we C(0, T; L*(Q)). By Lemma 1, we have

lAu(e) = Au(e)|* = B(lu(o) ||+ [lu(@) )P u(t) —u(t)].

Therefore, lim,_, ||Au(t) — Au(t')||* =0, since ue C[0, T; W"?(Q)].

Since w, fe L*(0, T; L*(Q)), by the Hahn-Banach theorem and (29), there exist
u* (1), u*(t') e L*(Q) so that (w(t) —w(t'), v) = (u*(r) — u*(t’), v) +(f (1) = f(t'), v}, for
any ve L*(Q). And
(32) lim |u*(6) = ()|, = | Au(t) - Au(t)][* =0.

Let v=w(t)—w(t') in (29). We get
w(t) = w(t)]|3=|(Au(t) = Au(t’), w(t) = w(t)|+[(f(1) = £(1), w(t) — w(2))|
= (lu*(8) —u* ()|l + L) =f () D w(t) —w(t)]]2,
which gives
(33) [w(e) = w(e)l2= (lu*(2) —u*(2) |2+ || £(£) = f(£)]]2)-

Therefore, (33) and the continuity of f imply that we C(0, T; L*(Q)).
Let u*(t) = [, w(s) ds + u,. Using Fubini’s theorem, we have

(u,(t)—u*(t), vy= ], J: (iut"—w) vdsdx = J:: .L (tfiut"—w) vdxds
(' /du,
(34) =d0<dt —w,v>ds
= | 0' [<‘Z", v>—(Au, v)+{f, v)] ds.

Thus, by (27), lim,,_, (u,(t) — u*(t), v) =0 for any ve Wy?(Q), uniformly over [0, T].
We have u(t) =u*(1) =I(') w(s) ds +u,, since the weak limit is unique.

We now show that u is differentiable in the sense of Definition 1. In fact, without
loss of generality, let At>0. Then, we have

- 2 t+At 5
ﬂ%u(t)_w(t) 2= ZI;J: w(s) ds—w(r) 2
F 1 o ,

IA

r 1 t+At 2
[E J [w(x, s)—w(x, t)| ds] dx.
JQ t

By Jonsen’s inequality [8, p.63], we get

~

_ 2 t+At
i(.%“(t)_ w)| = i(J' (w(x, s) —w(x, t))? ds> dx
2 JQ t
t+At
(35) =i (L (vl 5)=w(x, 0)° dx) @
1 t+At
Y [w(s)—w(n)]3 ds

=||w(&)—w(t)|., where t=¢=t+At
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Hence by (35), lima,o ||(u(t+At)—u(t)/At)—w(1)||3=0, since we C(0, T; L*(Q)).
We get du/dt = w. Finally, by (28) and Definition 1, we get

d
<7't‘, v>+(Au, v)=(f vy forany ve Wi?(Q), in [0, T].

This completes the proof of the existence of a solution.
For uniqueness, let us assume that u and i are two solutions to the problem. Then,

d
(36) <d_l:, U>+(Au, v)=(f,v) forany ve Wg?(Q), in[0, T],
and
dii . . ‘
(37) a’ + (A, v)=(f,v) for any ve Wy”(Q), in [0, T]
Subtracting (37) from (36), we get
du di
- _ + — AD = 1,p X
<dt o v> (Au—A#, v)=0 for any ve Wy”(Q)

Let v =u— . Then, we have

(-t

” ,u—ﬁ>+(Au—A12,u—ﬁ)=0,

ie.,

1 d A2 A AN
2dt(”u @)3)+(Au—Ad, u—i)=0.

Since, by Lemma 1, (Au — Ad, u —ii) =0, we have
d A
E(”“—“lli)éo-

|u(z)—d(t)|3 is therefore a decreasing function in [0, T, and therefore
lu(e)—a()|3=[|u(0) = #(0)[12= [luo— uoll3 =0,
for all ¢ in [0, T]. This completes the proof of Theorem 1.

3. L? error estimates for the fully discrete scheme. Let S,(Q) be a conformal finite
element space of W"?(Q) as constructed in [1, (5.3.5), p. 313], and let IT,: W""(Q) -
S,(Q) be defined by IM,u=Y .., L(u)N; [6, Vol. iv, pp. 63-64]. I, is known as the
finite element interpolation operator; { N} -, ., are the global basis functions for S, (Q2)
and {I;(u)};-, m correspond to the global degrees of freedom.

A classical theorem on global interpolation error estimates in the finite element
theory [1] leads immediately to the following.

LEMMA 8. Suppose that {T,}, is a regular family of triangulation of (). We then
have, for p =2, the following interpolation error estimate:

lu—T,u| = Chlu|, forue W>?(Q),

where |u|, is the L* norm of the second derivatives of u, C is a constant independent of
u, h is the maximum of the diameters of all the elements in {T,},, and IL,u is the finite
element interpolation operator.
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Remark 2. If T1, is the interpolation operator defined in [9, (2.12)], then we have
lu—TI,ul,=Ch|ul| for ue W"?(Q).

Again for simplicity, let {t,},—o, be a uniform partition of [0, T] and At= T/n. Let
{u;}i—o,» be the sequence generated by (7), (8). For each i consider the following
problem.

Find W, e S,(Q), such that
38) (AW, V)=(Au;, V) for any Ve S,(Q)N WP (Q), i=0,n,
"Vi|an znhuilaﬂ-

By Theorem 29.5 of [2], for each i, problem (38) has a unique solution.
LEMMA 9. |W||=C(uy, f),i=0, n.
Proof. In (38), let V=W, —1II,u,. Then

(A “/ia “/x _nhuO) = (Aui’ “/l _nhuO)a

ie.,

J. |V W;|? dx-—J. |V W;|P~2(VW,, VI1,u,) dx
Q Q

= J [Vu;|P*(Vu, YVW,) dx —J |Vu;|P2(Vu;, VIT,u,) dx.
Q Q
We hence get

I A% W,-|”dxéj [V, [P~V W dx+J. |V w;| P~ VIT 4uo| dx
Q Q Q

+ J |V, |~ | VIT,u,| dx
Q

(p—1)/p 1/p
§[J‘ |Vu,~|"dx] [J |VW,1”dx]
Q o
(p—1)/p (p—1)/p 1/p
+{[J ]VWi]”dx] +[J IVu,-]”dx] }[J' IVH,,u0|"dx] ,
Q o o
ie.,

(39) IWill? = IT0uoll (I Will "+ sl + a7~ Wil

From (39) and Lemma 3, the conclusion of this lemma can be obtained.
LEMMA 10. |Ju;— Wi|| = C(uo, f)(||u; "'nhui”)l/(p_l), i=0,n.
Proof. By (38), we have

(AW, — Au;, V)=0 for any Ve S,(Q)N WP (Q), i=0,n.
In particular,
(40) (AW, - Ay, TT,u,— W;) =0, i=0,n
By (40), we get
(Au;— AW, u;— W) = (Au, — AW, u; — Iu + Tu, — W)

(41)
=(Au;— AW, u; —ILu;).
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By Lemma 1 and (41), we get
allu;— Wi||” = (Au; — AW, u; —T,u;)
= [|Au; — AW [*u; = ]| = B(fus || + [ WilDP (s = Wil flw; =T aai ),
which gives
(42) allu; = WillP™" = B(lluil| + | Will)" ™[l — s .

By Lemma 9 and (42) we get the result.
Now, we consider the fully discrete scheme: Let U,= W,, where W, is defined
by (38). Find U, € S,(Q}), such that

<lfi—lfi_1

VI V>+(AU,-, V)=(f;, V) forany VeS,(Q)N Wy*(Q),

(43)
Ui|aﬂ= ‘Vilaﬂ, i=1,n

LEMMA 11. [|(U; = U,/ At)||,= C(uo, f).
Proof. In (43), let i=1 and V= (U, - U,/At). We then get

U,-U,l? ( U,—Uo) < U,—U0>
/=2 +({ AU,,—~—2) = L2
.( ) Ula At .fl, At

44
(44) A
By Lemma 1 and (44), we have

U,— -U, U, - U,

|25 = 252 (a0 55)
Thus

U, - Uo ( UI_UO)
4 -1 9 +({A
(a5) |22 = (Do),
since

Ul - Uo) < Ul - U())
A ={A .
( UO’ At U, At
Equation (45) is identical to (11) if we replace U, and U, by u, and u,, respectively.
Hence the rest of the proof of this Lemma can be obtained along the lines of the proof
of Lemma 3. By (7) and (38), we have

(46) <% V>+(AW,-, V)=(f,, V) forany VeS,(Q)N W5P(Q), i=1,n

Subtract (43) from (46), and let V= W, — U,. We get

(47) <ui_ui—l_ U-U_

W,—U; )+(AW,— AU, W,—-U;)=0.
At At > ( )

We extend the fully discrete solution {U;};_, . to [0, T] by

=t tiv .
(48) Un(t)=_gl Ul+l+ Alt UH Un(O)=U0’ ti<t§ti+la l=0’ 1,""n_1,
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similar to the definition of u,(t). Then

ui—u, U-—-U_
< A - ,un(t)_Un(t)>

t At
<dudt(t) dl;(t)’ (1) U(t)>

(49) =<@;_t(’_)_d—uﬁt—), u,.(t)—“’i>+<di2t(i)_d_[](;7(‘_)’ Wr&>
+<dL‘L(L)—d—l;"tit—),Ui—Un(t)>, L<t=t,,, i=0,1,---,n—1.

By (47) and (49), we get, for t;,<t=t;,,,i=0,1,---,n—1,

d
)= U0 = (220280 -0, 0)

(22D - W) - (AW - AU, Wi U

dt dt
(50) +<dL(;z(L)_dUal;t(t)’ (Ji_U"(t)>
=(2elD 40, ) w;)
(Ll 40D ),

since (AW, —AU;,, W,— U;)=0.
We now estimate the right-hand side of (50): By Lemmas 3 and 11, we have

du, A
bt AL AL | R
dr o 2_C(u0,f).

(51)

Thus, by (51) and Lemma 10

du,(1) dU,(1) B - )
‘< dt i > n(1) “’i>)=C(u0,f)”un(t) Wil

t_t,'
=C(uo, f) ”A—t(ui+l_ui)+ui_ 4

(52) 2
Ui — U;
= o, N[00 |42 + 1w
= C(uo, f)[AL+ [u;— Will.].
Similarly, we have
du,(t) _dU,(1) . _ = _
< dr U Un(t)>'=c(u0,f)|llji U, (1)
t—1t
- = C(uo.f) “-E(UM—U.-) 2

l]i+1_(-]i

éC(uo,f)(t—ti)’
= C(uo, f)AL

2
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By (50), (52), and (53), we have, for t;,<t=t,,,i=0,1,---,n—1
1d

(54)
=C(uo, f) [At+(}\<4;ix [|u; — W,||2]

Integrating (54) over [0, t], we get

(55) l14,(6) = U035 CoAr+ € Max [l — Wil + lug— W,

where C, and G, depend only on C(u,, f). Therefore, we have the following.
THEOREM 2. Let u(t) be the true solution of problem (1)-(3) obtained in

Theorem 1, and let U, (t) be the extended fully discrete solution defined by (48). We then
have L? error estimates

lu(t) = Up()]l3= CAt+ C; Max [u; = Willo+[|up— Wol3.

Proof. By (24) and (55), we have
() = Un()3= 2([|u(8) = ua (1) |3+ [ (£) — Un(8)3)
=CGAt+ G Max [l = Wil + 2] u— Wol3.

Remark 3. By [1, Thm. 5.3.2, p. 317], without assuming ‘‘higher regularity” on
we have

)

Li“é |lu;— W;|,=0 for each i,0=i=n.
Therefore, this and Theorem 2 imply convergence:

lim (lim lu(e)— U,,(t)||2) =0.

At>0 \ p,

Remark 4. If we assume that for each f, u(t)e|W?>?(Q). Then by Lemma 8,
Remark 2, Lemma 10, and Theorem 2, we have L? error estimates

()= ()35 CiAt+ C, Max s~ Wil + iy~ W3

= ClAt+ C2 (M,aé)f. (||u,~ _Hhui“)l/(p_l)'l'("uo_nhuo")Z/(p_l)

=CAt+ CZ((M:%. |ui|2) hY 7D 4 Cylug|,h? PV,
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